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Chapter 1

Introduction

The purpose of this work is to present a proof of a special case of Theorem 2.1 in [I] (see Theorem
below). Our proof will follow closely the proof of Theorem 2.1 in [I] but we try to present it in
a more accessible way. Theorem 2.1 in [I] characterizes the high dimensional limit of the extremal
eigenvalues of some random matrix X which is perturbed by some deterministic matrix A. It states
that in the high dimensional limit the matrix M = X + A has eigenvalues outside the spectrum
of X iff A is "big enough”. Further it gives the explicit values of these eigenvalues outside the
spectrum of X.

For simplicity we will focus on the Gaussian case namely X being a Gaussian unitary ensemble
(GUE) in the complex case and a Gaussian orthogonal ensemble (GOE) in the real case instead
of a general Wigner matrix. Further we will also restrict ourselves to the case of A being a
rank one projection instead of a finite rank projection. Our convention for the definition of a
GUE (resp. GOE) is the following. A GUE (resp. GOE) is a collection of Hermitian matrices
W =W(N) € CV*N(resp. W € RV*N) such that W;; for 1 <i < N and v2Re(W;;), v2Im(W;;)
for 1 <i < j < N (resp. %Wu for 1 <i < N and Wj; for 1 < i < j < N) have centered
Gaussian distribution with variance ¢ and are all independent. We write the rank one projection
as A = faa* with a = a(N) € CV, |la|]| =1 (vesp. a € RV) and 0 € R. For ease of notation we will
also write X = LNW

Our goal is to prove the following.

Theorem 1 (Theorem 2.1 in [1]). Let M = M(N) = X + A and denote by A, the k-th largest
eigenvalue. Then for any joint realization of (M(N))nen the following statements hold almost
surely
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We want to briefly explain some intuition about the result. The semicircle law states that in
the Wigner case (A = 0) the empirical distribution of the eigenvalues of M converges almost surely
to the semicircle distribution ps. given by
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A pedagogical reference is [2]. It can be further shown (Theorem 2.12 in [6]) that in the Wigner
case for any fixed k£ € N we have that almost surely the extremal eigenvalues \; (M), ..., \x(M) and
AN(M), ...; AN—i (M) converge to 20 and —20 respectively as N — co. Thus the result of Theorem
can be understood in the following way. If |#| < o then in the high dimensional limit the extremal
eigenvalues of M are the same as in the case A = 0. If |§| > o then we get exactly one eigenvalue

> 20 iff

outside the support of the semicircle distribution. It is also useful to note that ‘9 + %
0] > o.
Our main tool in proving Theorem (1| will be the Stieltjes transform. For z € C\ R we denote
the resolvent of M by
G(z) = (21 — M)™!
and define
9(z) = E[tr G(2))],

where tr = % Tr is the normalized trace.

We also denote by
1

22—
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the Stieltjes transform of a random variable s with semicircle distribution.

We will use C' to denote a generic constant the value of which may change from line to line.
Similarly we let P denote a generic polynomial that may change from line to line. We will also say
that a quantity A(N,z),z € C\ R is O,(N~P) for some p € N if for some C,[

1

AG) <O

(14 [2D)' (1 + [Tm(z)[ )"

To make notation simpler we will be writing the RHS as 5 (1+|z|)'P(|Jm(2) |~1). In our convention
always sure convergence refers to a probability space where all (My)yen are realized jointly. Since
we will be deriving the almost sure convergence through the Borel-Cantelli Lemma, the convergence
results holds for any joint realization, so we do not specify an explicit realization.

This work is structured as follows. In chapter 2 we state some properties of the resolvent G' and
the Stieltjes transform of the semicircle law g,. We also introduce two important tools, namely
multivariate versions of the Poincaré inequality and Stein’s Lemma. Our goal in chapter 3 is to
obtain the ”Master equation”

1

6(2) = 9o(2) + 3 Lo(2) + 0= )

N

with an explicit L, given in (3.15)). This gives us an explicit expression for the deviation of g from
Jgo- In chapter 4 we can then use this to show that almost surely

2
lim Spect(M) C K, = [~20,20] U {0 + Z-}. (1.6)
N—o0 0

In chapter 5 we deduce Theorem (1] from (1.6 by first considering the case of small o and then
obtaining the general case by a rescaling argument.



Chapter 2

A few tools

We have the following useful properties of G(z) that are immediate to check.

Lemma 2. Let G = (zI — M)™! be the resolvent of a Hermitian (resp. symmetric) matriz M and
z € C\R. Then

1. IG(2)] < [9m(=2)]7*, (2.1)
where |-|| denotes the operator norm. In particular it holds that |Gy (2)| < |Im(z)| ™"
2. We have
1 & 1
v > GG = ~ (GG GG) < [Tm(z)] 7. (2.2)
ij=1

3. The derivative of G with respect to M is given by
G'B = GBG (2.3)
for any matriz B.

4. For any z € C such that |z| > | M||

1
1GIl < =7
2| -

ik (2.4)

We will also need the following properties of g,(z). All of the statements apart from (2.6) can
be easily deduced from (2.6) and the definition of the Stieltjes transform. One way to obtain ([2.6])
is to explicitly compute g,(z) for z € C \ R using the explicit definition in (|1.5)).

Lemma 3. The following holds
1. go s analytic on C\ [—20,20]. (2.5)

2. For all z such that Jm(z) #0

(a) J2g(2,(z) —29,(2) +1=0, (2.6)
(b) 190(2)] < [Im(2)| 7",
(c) |90(2) 71| < J2] + 0% [Tm(2)| ",

(d) |95(2)| = (2.9)

1 ~ =
[ = et < ol
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(e) Jm(gs(2))Im(z) <0, (2.10)
1

(f) W‘ < |Jmz|"! for alla > 0,60 € R. (2.11)
3. For all z such that |2| > 20

(o) 902 < g (212)

0 500 = | [ g el < e (213

(c) |90(2) 71| < [z + (2.14)

|2| — 20"

The Gaussian measure satisfies the following Poincaré inequality. Let p denote the Gaussian
measure of the entries of W. Then for any f € HY(R, z) N CY(R) we have

Var(f) < CUz/‘f"2 dpu, (2.15)

where Var(f) = Var(f(X)) and X ~ N(0,0?). Since we do not need the dependence on ¢ in this
inequality we will suppress it in the constant. The Poincaré inequality generalizes to

Lemma 4. We have for any complex valued function f on RN (resp. RN(A;H)) such that both f

and V f are polynomially bounded

C
Var(£(1) < SBT3,
where || M ||, denotes the Frobenius norm of a matrix.

We refer to Theorem 3.20 in [4] for a proof of Lemma 4 (and (2.15))) in the case A = 0. It
is straightforward to deduce Lemma |4| from Theorem 3.20 in [4] by applying Theorem 3.20 for f
defined by f(M) = f(X).

We also have the following generalization of Stein’s Lemma

Lemma 5. Let ® be a C! function on the space of Hermitian (resp. symmetric) matrices. Then
for any deterministic Hermitian (resp. symmetric) matric H

E[®(X) - H] = 52 E[®(X) Tr(X H)]

g

as long as both sides are well defined.

Note that Lemma 5| is just a reformulation of the multivariate version of Stein’s Lemma. The
multivariate version is obtained by coordinate wise integration by parts as in the one dimensional
version of Stein’s Lemma.



Chapter 3

Master equation

The goal of this section is to establish Lemma [9] which states that
1 1

0() = 05(2) + 5 Lo(2) + O-(5)

for an explicit L, (defined in (3.15])). This will then allow us to obtain information on Spect(M)

in the next chapter. We now briefly explain the strategy. The main idea is to first prove that g(z)
satisfies

(3.1)

1
el
for some appropriate quantity A(z) that is O,(N~!). Then we use that g, satisfies an equation
similar to (3.2)) (namely (2.6])) to obtain an asymptotic estimate of the form

02g(2) — 29(2) + 1 + A(z) = O.( (3.2)

1

9(2) = 90(2) + A(2) + 0: (5

) for p e {1,2}. (3.3)

We will use a two step bootstrap argument. In the first step we will prove a crude version of
(3.2) in Lemma |§| that will allow us to obtain (3.3)) for some A(z) and p = 1 in Lemma |7, We can
then obtain a stronger version of (3.2)) in Lemma [8] which then allows us to prove (3.1)) in Lemma
ik

Lemma 6. It holds that

Jm(2)|")

02g%(2) — zg(2) + 1 + %E[Tr(G(z)A)] < all N2 . (3.4)

Proof. Let {E;j}1<i j<n be the canonical basis of the space of N x N matrices. Applying Lemma
to ®(X) = Gij = (2 — X — A);;' and H = E;; for any 1 <4, < N we obtain
N
ElGiGj] = 5 ElGy Xy
Taking the normalized sum ﬁ > ; gives

E[tr(G)?] = % E[tr(GX)). (3.5)

Writing
GX =0l - XA X+A—21-A+z2I)=—-1—-GA+ G,



(3.5) implies .
E[tr(G)?] + ﬁ(l + E[tr(GA)] — zE[tr(G)]) = 0.

To conclude (3.4)) it now suffices to prove that

|Im(z)| ™"
N2

Applying Lemma {] with f(®(M)) = tr(G) and using the identity (2.3) for B = E;; we get

Var(tr(G)) < C

Var(ir(@)) < 1 E | S IGQ)| < <5 ()]

i,J

so (3.6]) holds.

Lemma 7. For any z € C with Jm(z) > 0

P(|3m(z)| )
A

19(2) = go(2)| < ([2] + C) (3.7)

Proof. We first note that since A is rank one we have
[E[Tr(G(2)A)]| < |G(2)|| < [Im(z)] ",

so it follows from Lemma [6] that

P(|om(z)|"!
lo%g® — 29+ 1| < M}\(]Z”) (3.8)

We also define

Po(|Jm(z)| ")
N

(12| + 0 [3m(z)| ") [Jm(2)| 7! < 1} ,

0= {z € C|Im(z) > 0, 1

where Pp chosen such that (3.4]) and (3.8]) hold for P = Pp. It is easily seen that O is nonempty
for large enough N. Now let z € O. Noticing that

it follows from (3.8|) that

which, using (2.1)), implies

L <oz + o2 am(z) ) (3.9)
l9(2)]
Thus we can define ]
2) =c%g(2) + —.
A(2) 9(z) + e



Then from (3.8]) and (3.9) it follows that

P(|3m(z)| ")
Aiz)—2z| < ——72—=22
A(z) -2 < TP
Combining (3.10) with the fact that by construction of O

(Jz] + o2 [Im(2)| 7). (3.10)

P(|9m(z)[") m -1y o 1Im(z)]|
S o (s + 02 m(e)| 1) <
we obtain N
Im(A=) ~ Im(a)] < [A(:) — 2] < T,
Jm(A(2)) > J“;(Z) > 0. (3.11)
Lastly we want to show that
9(2) = go(A(2)). (3.12)

Let O’ = {z € O||Im(z)| > 20}, then for any z € O’ we have from (3.11]) and (2.8) that g,(A(2)) #
0. Therefore we obtain from ({2.6])

2 z ¥: z :(72 z L
g gO'<A( ))+QU(A(Z)) A( ) g( )+g(2)

Rearranging and multiplying both sides by g,(A(z2))g(z) we obtain
7295 (A(2))9(2) (95 (A(2)) = 9(2)) = go(A(2)) — g(2).

We now show that o2 [g,(A(2))g(z)| < 1. We have |g(z)| < |Tm(z)] ! < » and due to (2.7)),
also |g,(A(2))] < |Fm(A(2))] 7 < 1 50 holds on ’'. Since O’ is open and O is connected by
analytic continuation holds on all of O.

Now (3.12)

19(2) = 90(2)] = [E[(z = 5) "1 (A(2) = 5)"'](A(2) = 2)]
< [Im(=2)[ 7 Im(A)|THAG) - 2,
where s is distributed according to the semicircle law with variance o2. Combining ([3.10]),(3.11))

now shows that (3.7) holds true on O.
It remains to consider the case z ¢ O. For such a z we have by definition of O that

Po(|am(z) )
4 N

Since |g(2)] , |go(2)| < [Im(2)| ™" due to (2.1)) and (2.7) respectively we observe that (3.7) holds also
for z ¢ O.

[Im(z)] " < (1] + 0 [Im(z)| ") [Im(=)| 2. (3.13)

0
Lemma 8. For any z € C with Jm(z) > 0

P(|3m(=)[")

0%9(2) = 29(2) + 1+ B (2)| < (2] + ) m 2L,

N

where E,(z) := — and 0 is the nonzero eigenvalue of A.

2—02go(2)
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Proof. We argue similarly as in Lemma@ Applying Lemmawith ® = G and H = E;; we obtain
N
E[Gi;Gy) = ;E[GilejL

so by taking the normalized sum over [ we get
1 1
N > E[Gi;Gu] = 2 El(GX)3),
!

which can be rearranged as
o’ E[G;j tr(Q)] = E[(GX)4].

Writing
GX =l -X-A) " X+A—21—A+z2I)=—-1—-GA+ G,

we have for any i, j
hij == o2 E[Gij tI‘(G)] + 5@']‘ — ZE[Gij] + E[(GA)Z']'] =0.

Now recalling that A = faa® with [la[| = 1 we define o =}, ; @;a;G;;. Noting that

Zaiaj(GA)ij = (a,GAa) = fa,

2%
we have
0= Z aiajhij = UZE[O& tr(G)] + 1+ ((9 - Z) E[O&] (3.14)
]
By Jensen’s inequality we have
1 1
[Ela(tr(G) - g)]| < Ella(tr(G) — 9)*]]? = 0:(5);

since « is bounded and Var(tr(G)) = O.(5x) due to ([3.6). We can combine this with (3.14) to

obtain v 1
E[a)(c%g(2) + 6 —2) + 1 = OZ(N)

Now it follows from Lemma (7] that E[a](0%g,(2) + 60 — 2) +1 = O,(N~1) so due to (2.11))

0 1
Tr(GA) = 0E[a] = L(=).
H(GA) = OEla] = 5+ 0L
Combining this with Lemma [7] finishes the proof. O
Lemma 9. For any z € C\ R
1 1
ga(z) _g(z)"_NLU(Z) :Oz(ﬁ)a
where
Lo(2) = 90(2) 1 95(2) Bo(2) = 9o (2) T E[(2 — 5)7*| B (2) (3.15)

and s is distributed according to the semicircle law with variance 0.



Proof. We may assume that Jm(z) > 0, since wr1t1ng out the definitions of g,(2), g(2), Lo(z) we
observe that g,(2) = o(2), 9(2) = §(2), Lo(2) = Lo(2). I z € O

40(2) — 9(2) + 3 Lo(2)| = |g0() — g5 (A(2)) + 1 Lo(2)
= [El(z )7 (AE) = ) (AR) — 2) + 90(2)7 (=~ 5) 2B (2]

< |E[(z - 5) " (A(z) — 5) 7! <A< )2+ zir%l(z)E"(z))’

FE[|G =97 (=97~ () — )] | 505 (VB2
<2Im(z)[ 2 |A(z) — 2 + %g;l(z)Ea(z) (3.16)
+ PO 1) — 51214 0 (3.17)
Here we have used (2:7), (3-11), (2:5) and
|Eq(2)] < P(13m(2)] ), (3.18)

which follows from (2.11). By (3.10)) it follows that the term in (3.17) is O,(N~2). For the term in
(3.16]) we have

AG) = 24 0 )] = - (20 -0 + 1+ P12
1 E,(2)
TS (0(2) — 00(2)

Using Lemma , Lemma and we obtain

\A(z) o LR )

~ =0,(N7?).

It remains to consider the case z ¢ O. By definition of O we have that z ¢ O implies

P(|3m(2)|")
o)\ )
< (|21 + o) PR
so it is enough to show that
1
9o (2) — g(2) + NLU(Z) = 0:(1).
But this holds since Lemma [7] implies that |g,(z) — g(z)| = Os(N~') and (2-8) and (3:18) imply

that Ly (z) = O,(1).
O



Chapter 4

The spectrum of M

Using the bounds from the last chapter we are now able to prove the following

Theorem 10. Let p, := 0 + %ﬁ where 0 is the nonzero eigenvalue of A and
K, :=[-20,20)U{ps}.

Then almost surely

“lim Spect(M) C K,.

N—o0

This theorem will be the main ingredient for the proof of Theorem [1| in the next chapter. To

prove Theorem [10| we will first show that L,(z) is the Stieltjes transform of a distribution p,, the
support of which is contained in K,. Then Lemma [0 will give us a bound on the expected number
of eigenvalues outside of K,,. Finally a bound on the variance of this number will allow us to deduce
Theorem [10L

For the first step will we use the following characterization which we do not prove.

Theorem 11 ([5]). Let p be a distribution (in the sense of generalized functions) on R with compact
support K and denote by 1(z) = u(==) its Stieltjes transform. Then 1 is analytic on C\ R and can

zZ—X

be extended to C\ K. Moreover | satisfies

ii) There exists a compact set K and n € N, such that for any z € C\ R

l1(z)] < Cmax{1, dist(z, K)""}.
iii) For any test function ¢ € C°(R,R)

1
——= lim J Iz + iy) de.
plp) = = lim Tm | o(@)i(z+iy) de

Conversely if K C R is compact and | is an analytic function on C\ K satisfying 1),ii) , then
is the Stieltjes transform of a distribution p on R with supp(u) C K. Moreover supp u is precisely
the set of singular points of I.

This allows us to prove
Lemma 12. We have that L,(z) defined in (3.15)) is the Stieltjes transform of a distribution p,

the support of which is contained in K,

10



Proof. We will first show that L, satisfies ¢) and 4¢) in Theorem Recall that

-1 7 0

Lo(2) = 90(2) "9 (2) — 5 —%-

It follows from (2.12)), (2.13), (2.14) that L, satisfies 7). From (2.8), (2.9), (2.11) it follows that i)
holds locally with n = 4. Since L, vanishes at oo it follows that i) holds (globally).

Due to Theorem [10| we now only need to show that L, has no singular points in KS. By ([2.6))

we can rewrite

0

Lo(z) = go(Z)’lg’a(Z)m~

Using that for z € R\ [-20, 20]

9o(z) = (1 — /1 — 402/22),

" 202

we see that

1
———0=0 <<= x=p,.
9o ()
Thus the statement of the Lemma is immediate from the explicit form of L,(x). O

We will now show that

Lemma 13. For any test function ¢ € C°(R,R) we have

Bltr(p(M)] = [ ¢ dite = yottale) + Ol p5). (1.1)

Thus for any real valued smooth @ such that ¢ is constant outside of a compact set and supp pNK, =
() there is a constant C, such that almost surely

[tr(p(M))| < CSON*% for almost every N. (4.2)

Proof. Let 7(z) = g(2) — 9o (2) + % Lo (2). Since g(2), —go(2), % Lo(2) are all the Stieltjes transform
of some distribution (g(z), —g»(z) by definition and 3;L,(z) due to Lemma , T is the Stieltjes
transform of the sum of these distributions. Observing that the definitions of ¢, ¢,, L, imply

r(Z) = r(z) we can write the inverse Stieltjes transform of r as
1 1 .. . .
Eftr(p(M))] = [ @ hsc + rtio(p) = —— lim Jm | o(a)r(z +iy) dz.
T y—0t R

We know from Lemma [9] that

r(z)] < %(\Z\ +O)*P(|Im(z)| ) (4.3)

for some o € R;. It can be shown that this implies

c
<

lim sup <Nz

y—0t

/ o(z)r(z +iy) dx
R

We only sketch the proof here. Define for p € N4

L(z) = — ; /0 (e + )7 exp(—t) dt.

(r—1

11



It is easy to check that
Ii(2) = I1(2) = 7(2)
and for p > 2
Ip(z) — I;I)(Z) = ip-1.
Let D denote the operator that takes the derivative of a function. Using these identities we can
iteratively use integration by parts to obtain

/ o(z)r(z +iy) dx = /((1 + D)Pp)I,(x + iy) dx. (4.4)
R R

Then one can show that (4.3]) implies

lim r(z+ %) Lexp(—2)dz =0

=00 Jr,r+ir]
so by Cauchy’s integral Theorem along the contour [0, r|U[r, r+ir]U[r+ir, 0], where[z1, 23] denotes
the line segment going from z; to 2z

I)(z) = rli)rglo Ot r(z 4 2)2P " exp(—2) d2.

Recall that by our convention the bound in Lemma [9]is to be understood as

()] < (|21 +C) N2

Now we can choose p = k + 1 where k is the degree of P. It is then straightforward to check that

I(#) is bounded on any compact set, so (4.1]) follows from (4.4).
To prove (4.2) below we will prove a bound on the variance of tr(o(M)) namely

Var(tr(p(M)) = O(N™4) (4.5)

for any ¢ such that ¢ is constant outside of a compact set and supp ¢ N K, = (). Assume that we
have already proven this bound and let Zy = tr(o(M)),Qy = {Zy > N~*3}. From (&.1]) and

(4.5) we obtain
E[|Zn[*] = O(N 7).

Now
2
P(QN)S/ ’N“/?’ZN(w)‘ dP(w) < N33 E[|Zx|?] = O(N~4/3),
Q

so (4.2)) follows from the Borel-Cantelli Lemma.
It remains to prove (4.5)). We will deduce this from Lemma 4] As in Lemma 4| we will identify

. . . N(N+1) . .
matrices with vectors in RY* (resp. R~ 2 ) and denote by |-, the Frobenius norm. Write

¢ =c+ 1 with c € R and ¢ € C2°. For g(M) := tr(p(M)) we obtain from Lemma [4]

c
Var(g(M)) < T E[IVg(M)[3]
We have for any Hermitian (resp. symmetric) matrix B

Te(Vy(M) - B) = Te(¢/ (M) - B).

12



This can be proven by showing this identity for polynomials and then extending it to all bounded
functions by approximating them with polynomials. We have

IVg(M)[l5 = sup [(Vg(M), B)[?
1Bll,=1
2
= sup
1Bll,=1

M + 1B
g g(M +tB)

t=0

Since the trace is linear we get

2
9(M +tB)| = |te(Vy(M) - B)|”

t=0

dt
= |te(v' (M) - B)[?
= 2 [T () B

< g T/ (M) -4/ (M)) Tx(B - B)

1 /
= - tr((W)2(M)).

Where we have used the Cauchy-Schwartz inequality for the trace and the fact that Tr(B - B) =
|B||3 = 1. Putting everything together we obtain

Var(g(M)) < T [Vg(M)[ < 7 tr((0/)?(M)),

so now ({4.5)) follows from (4.1)) since v vanishes on K. O
Now we can quickly deduce Theorem

Proof of Theorem[1(. For € > 0 let ¢ be a smooth function that vanishes on K, and is equal to 1
on the complement of K, + (—¢,¢). Lemma [13|implies that almost surely limy_ o, Tr(¢(M)) = 0.
Since the number of eigenvalues outside of K, + (—¢,¢) is an integer and bounded by Tr(p(M))
that number must be equal to 0 almost surely as N — oco. Since € was arbitrary we are done. [

13



Chapter 5

Proof of Theorem (1

We are now able to deduce Theorem [I] from Theorem The main tool that we will use is the
min-max-principle :

Lemma 14. Let H be a self-adjoint (resp. symmetric) matriz on V = CV (resp.V = RY ). Denote
by A\ the k — th largest eigenvalue of H. Then

A= min  max (v, Hv). (5.1)
ucv vlU
dim(U)=k—1 [[v][=1

Consequently for any self-adjoint(resp. symmetric) matrices H, H we have
Njh—1(H + H) < X\j(H) + \.(H) (5.2)

and for j+k>N+1 ) )
ANj(H) + Me(H) < Njyp—n(H + H). (5.3)

We refer to Section 12.1 in [3] for a proof of (5.1]). Statements and are easily deduced
from .

The structure of the proof of Theorem [1]is the following. For ¢ > 6 Theorem [I] follows directly
from Lemma the semicircle law and Theorem For o < 6 again combining Lemma the
semicircle law and Theorem [L0] will imply that Theorem [I]is true for small 0. We will then argue by
contradiction that if Theorem [I] holds for some o it is also holds for some slightly bigger o, which
then allows us to conclude. Here the semicircle law refers to the statement that in the Wigner case
(A = 0) the empirical distribution of the eigenvalues of M converges almost surely to the semicircle
distribution ps.. We are now ready for the

Proof of Theorem[1 As an immediate consequence of Lemma we obtain and from
the semicircle law, by setting H = A and H = W and using that A has rank one. Thus we only
need to prove and . By replacing A with —A and using that W has the same distribution
as —W we may w.l.o.g assume that § > 0 (recall that A = faa* ). In this case is also an
immediate consequence from Lemma [14] and the semicircle law. Thus we only need to prove (|1.1J).
We first show that we may assume that 8 > o. If 6 < ¢ then from Theorem it follows that
almost surely
limsup A\ (M) < 20.

N—oo

But since due to ([1.2]) we always have

20 = lim /\Q(M) S lim )\1(M),
N—oo N—oo
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it follows that (1.1)) is true for 6 < o.
Thus we can assume that 6 > o. Due to Theorem [I0] we only need to show that almost surely

liminf Ay (M) > 20, (5.4)
N—oo
as if we are given such a lower bound then Theorem [10| implies that almost surely

lim A\ (M) = po

N—oo

i.e. (1.1) holds.
Let now 6 be fixed and define X be the set of all o < 6 for which (5.4)) fails (M, W, A still depend

on this o). We need to show that ¥ = (). Assume that X # (), then it makes sense to define
oo := inf 2.

Since Lemma implies that (5.4) holds if o is small enough we have og > 0. Now let o = og + §
for some (small) ¢ > 0 let M, = M — cW. From the definition of oq it follows that almost surely

lim A\ (M) = po—e.

N—oo

Since M = M. + W it follows from the min-max principle and the semicircle law that almost
surely

2 -2
liminf)\l(M)2p075720’6=9+1+6 +6720 )
N—oo 0 0

Letting ¢ — 0 we obtain
2

liminf Ay (M) > 6 + % > 20,

N—oo

where we have used that by assumption ¢ > o. Thus o = 0+ § satisfies (5.4)). But this contradicts
the definition of oy so we must have ¥ = () which completes the proof.
O
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