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1 Introduction

So far, there are few rigorous results about the ground state energy of a dilute Bose gas in two di-
mensions. For nonnegative potentials the ground state energy per particle in the thermodynamic
limit has been shown to be

eo(p) = 4mpb + o(pb)

for p — 0, where b = 1/|In pa?| and a denotes the scattering length of the interaction potential
[4]. For the next order, non-rigorous approximations [I] and Monte Carlo simulations [5] suggest
the negative correction 4mpb?In(b). We calculate an upper bound on the ground state energy
using the variational method with a quasi-free trial state. For a dilute Bose gas in 3D the same
calculation has been done previously in [2]. We follow their computation and make the necessary
adjustments for the 2D case.

The setup is as follows. First we consider a finite 2D box A = [0, L]?> C R? with periodic
boundary conditions. The number of bosons in our system is N and we include only two-body
interactions. The interactions are described by a rotationally symmetric potential V. We assume
that V' # 0 is nonnegative, continuous and has finite range, i.e. V(z) = 0 for |z| > Ry. The
Hamiltonian is

N | X
Hy = _;Ai + 2”221 V(i — ),
i

where A; is the Laplace operator with respect to the coordinates of the ith particle. For the
Fourier transfom of any function f(z) on A we use the convention

fp = /Ae_ip'mf(w)d% flz) = ]Al] Z ez‘prp’

pEA*

where p € A* := (%Z)Z and |A| = L? is the size of the box. For any continuous function f on

R? we have ) d
lim — - P _tp).
i 7 0 |20

After second quantization the Hamiltonian becomes

1 X
2
H = E P a;r?ap—i— m g Vra;r)ajlap—rap—&-r
p

p7q7r

for bosonic creation and annihilation operators ap,a; and p € A*. The commutation relations

1 ifp=
1 — T _agta = p=q
gl = apag — agayp {0 otherwise.

are

[ap,a



For the variational principle we pick the Ansatz

1
|U) = exp B Z ckazaik + \/Noag |0},

k£0

where |0) denotes the vacuum, cj are real numbers with |cx| < 1 and ¢ = c_p and Ny is a
positive real number. The goal is to minimize the energy
(V|H|Y)

b=

under the constraint of constant particle number

(U] Y e Whntm|P)
(]

N =

This will motivate our choice of parameters ¢, and Ny. Then we take the limit N, L — oo of the
energy per particle e(p) = E/N while keeping the density p = N/L? constant. We are interested
in the dilute limit, i.e. small density p.

2 Computation

2.1 Energy

The Ansatz for |¥) looks precisely the same as the trial state in [2]. However, the bosonic
creation operators and the vacuum have a different physical meaning since they describe a 2D
instead of a 3D system. Their algebraic relations are the same though. This is why the functional
expression for the energy is precisely the same as in the 3D case. From Lemma 2 and equations
(46) and (47) in [2] we have e(p) = epr + Qo + Q4, where

1~ ey(l1—e,) V, e? ep(1—ep)
- V V. P p; P T P p
em = 3Vopt |A|Z W+ o PP 20, TA] ;1—2@ 1— 2e,
ep(l —ep)er (1 —ep)
V , P 14 , (1)
T%p P 1—2ep)(1—zer)
. . e2e? vV, + V; e2 e2
0ot Q) 17 . rep _Yp 0 r P
2t = yA|Z Z (Vo +Vp )(1—2er)(1—2ep) N 21—2@ 1—2e,
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n 1 ep(1 —ep) 2 %1—26124—463_'_‘721—26174-26]2)
2[A| L —2e, (1—ep)? Tl —ep)?

. The condition |c,| < 1 translates to e, € (—o0, 1).

Vo e
a2
201 \ 120,

__ _©%p
and e, = Trey

2.2 Choice of parameters

From the previous results [4] we know that the leading order term of e(p) should only depend on
the scattering length of the potential and not on other details of the potential. The scattering
length is defined as follows. For every R > Ry let us consider the zero energy scattering equation
—Au+ £Vu =0 on Bg(0) with boundary condition u(z) = 1 for |z| = R. In Appendix C of [4]



they show that a function 8 : R — R determines the solution ug of the scattering equation for
any R through
A=)

In(R/a)’

where a is a constant depending only on the potential V. This constant a is the scattering
length. The function § is nonnegative, monotonically increasing and for r > Ry it is given by
B(r) = In(r/a). Therefore, the scattering length a < Ry and the scattering solutions satisfy
0<ug(z) <1

We want to pick a particular R and relate Vj to the scattering length using ug. It turns
out that the choice R = R* := (cp)~'/2 > Ry for some constant ¢ > 0 will reproduce the
correct leading order term for e(p). Note that the average particle distance is of order p~1/2.
Intuitively, two-particle interactions should be important precisely up to this length scale. This
gives a physical motivation for the choice of ug. For |z| < (cp)~1/2 let

up(r) =

_ _2B(|=])
) = e () = i (a2
We extend the domain of the scattering solution to the whole box. For |z| > (¢p)~'/2? we choose
u(z) = 1.
This function u obeys the modified scattering equation
2( P)l/ ? -1
- A = AP s /2 2
ut gV = P = () 2
With
w=1—u, ¢g=Vu and f=Vw
the Fourier transform of this equation is
1 47
— 2 i AL —1/2)
p wp + 29}.’7 |1n(cpa2)‘ JO (p(cp) ’ (3)

where Jy denotes the Bessel function of the first kind. An important expansion parameter will
be b =1/|1Inpa?|. Let b = 1/|In(cpa?)| = b+ In(c)b? +In(c )23 + O(b4) Note that jo = 87b by
eq. (3). Since 0 < w(x),u(x) < 1 we have 0 < fo < Vo and 0 < jo < Vo. Moreover, thanks to
rotatlonal symmetry gp, V and fp only depend on |p|.

The full energy is very difficult to minimize. However, it is possible to minimize certain
terms in the energy explicitly. This motivates our choice of e, as will become clear later. We
choose the e, like in [2] as minimizer of

e e N
mplen) =05+ Vg~ P
D D
This results in 1/2
. X
ep== [1— (142 L% <0 (4)
2 P2+ 2pfp

The minimal value of m,, is

m,, = % [\/(p2 +20V) (0% +20fp) — (0 + p(Vp + fp)] :



2.3 Estimates

Proposition 2.1. The Fourier transforms of V, f and g are uniformly Lipschitz continuous,
i.e. there is a constant C' depending only on V' such that for all p,r in A*

Vo = Vo SCIrls |fp = Fouel <Clrl, 13p = Gpr| < Clrp. (5)
Therefore, there is a small 6 depending on V' such that for |p| <§
Vo o~
? V < W, fO fp§f07 920 _gp§90 (6)
Proof. We have |G, — gp—r| = f e (e —1)dx|, where B, is the disk with radius

! < \T\\x! and u(z) < 2b max;epp, B(]2]) the bound follows.

For V and f in the above equation we replace u by 1 or w < 1, respectively. ]

Ry centered at zero. Since |(e'"% —

Now we want to prove the analogon of Lemma 5 in [2].

Lemma 2.2. For p — 0 the energy per particle is e(p) = ear + Qo + Qu = epr + O(pb*), where
enr = 4mpb + —— |A\ Z (p ep—i—pV)i 2|A| ZVP r€per + 2 pr + O(pb%).

Proof First of all we rewrite Vj in the first term of as Vp = Jo + sz Vpli)p = 871b +

TAT A‘ > p£0 v pWp + ‘OXTO The last term is negligible in the thermodynamic limit |A| — oo, because

Vo and gy < 7(cp)~! are finite.

The functional expression for e, is the same as in 3D. The upper bounds for |ep| in equation
(49) in [2] rely only on uniform Lipschitz continuity of V,gand f,0< fo < Vo and 0 < §o < Vp.
Since these conditions hold in 2D, we can use the upper bounds in (49). Also equations (50)
and (51) go through unchanged. In order to estimate {22 + €24 we follow the procedure in [2]. To
calculate the estimates for expressions (53) - (55) in 2D, we use that |§,| < jo = 87b, fo < Vo
and flp|25 Qp(ZdTp)Q < ¢g(0) = 2V (0)5(0)b. For the quantities in (53) - (55) this results in new
bounds . . .

(53) < Cpb®,  (54) <Cpb,  (55) < Cpb*.
The 2D analogon of bounds (58) - (62) therefore is
(58) < CNpb*, (59) < CNpb*, (60) < CNpb*, (61) < Cpb?, (62) < Cpb®.
Thus, there is a constant C' such that Qg + Q4 < C’pb4

The next step is to replace the V by % ~ in the second last term of (|1)). The difference can be
estimated as in eq. (63) in [2]. It adds a neghlble error of O(p/2b%) to exy. Followmg the calcu-
lation after (63) in [2], the last two terms in (1)) combine to give the term |A|2 > pt0 Vo reper

at expense of an error O(pb*). O
Like in the proof of Theorem 1 in [2] we use the identity
1 ~ N 2 .
—(e,Vxe)= §(e+pw,V*(e+pw)) —ple, Vxw) — %(w,v*m)

and to arrive at the analogon of (65) in [2]:

2~
. PG (. : -
e(p) = dmpb+—— | | g [pep+pV) T —p(V*w)pep+T;(gp—87ero (p(cp) 1/2)>]
p#0 P P

Z VP r(ep + pip)(er + pioy) + O(Pb4) (7)
7,p#£0

Calculating the first sum and estimating the second one, we obtain the following result.

\A!



Theorem 2.3. The energy per particle in the thermodynamic limit is
1 .
e(p) = 4dmpb + 8mpb* (T + 5 (Vo —n2)) + R+ O(pb*), (8)
where I' denotes the Euler—Mascheroni constant and

1 .
=—— [ 4d dp V,_, o) (ey + piy) < Cpb?.
2(271’)4,0 /IR2 T/Rz p Vp (€p+pwp)(e + pwy) < Cp

< Vo, we have

2
RSC(/ ep+pwpdp> :
p R2

From equation 1} we get w, = dp 4—”51]0 (p(cp)_l/Q). We will estimate the integral the

2p? P’
following way:

/ ep+pfu§pdp‘§/ A \ep|dp+/ | pwy|dp
R2 p2<4Vpp p2<4Vop

+ / lep dp + / R
p2>4Vop p2>4Vop

Let us first take care of the terms with p? < 4‘70,0. Thanks to uniform Lipschitz continuity,
for p small enough we have inf,(p? + 2pf,) > pfo > 0 like in (45) in [2]. It follows that

LI __| < % — O(bh). Thus lep| = O(b) and the first term in (EI) is bounded by Cpb for some
p*+2pfp fo

constant C.
In the second term we replace g, by go using uniform Lipschitz conitnuity. This gives a
negligible error of order O(p/?b). The rest is

/p?<4%p

For p? > 4170,0 we expand e, in pgp/p2 to obtain

~ Ao\ 2
o=y o (“2) ).
2(p? +20V,) P

~ k

. 00 2,17 _ ~ _

dpS/ A gig <p20> dp + O(ph?) = Cpb + O(pi?),
p2aVop “P7 5\ P

Proof. Let us first estimate R. Since “A/;?_T

Jo)e; 47r,0(~) _
i oo (plen) )

2p?

+ dp. (9)

o7 (ofep) )

Popz dp = 872 pb — 27 dx = Cpb.
p p

0 x

. /WWC 1— Jo(x)

Then

pgp
ep + 27192

/p224ffop

where we were able to swap integration and summation by Tonelli’s theorem. The last summand
Jo(z)

in (EI) is equal to 8m2pb f;:/m —dr = Cpb. Therefore, we can bound (EI) with Cpb and

R < Cpb®. Note that the next order error terms are O(pb®).
Let us now compute the second sum in . Note that the choice of e, minimizes this term.
Using (2.2)) and substituting |p| = \/Zp the term is equal to

) 00
= — d
@ 877/0 “

Pla,7) - 200, (m)] ,



where

Fla,p) = /(o +2) (0 +2V) = (@ + fy + ) + 2.

The first step is to replace all the Fourier transforms at p by their respective values at 0. The
error I can be estimated with

ISCp/ \F(ar,Jan)—F(a:,O)]dx—i—CpB/ ‘gp_go‘Jo (x/a?/(:)’da;,
0 0

x

To bound the second integral, we use |g, — go| < Cbyzp for z < p~! and lgp — 90| < Cb
for x > pfl. Moreover, for x < ¢ we estimate }J(] (\/w/c)‘ < 1, while for z > ¢ we use

’Jo (x/x/c)‘ < Cz~'/4. With this the second integral is O(p/4b).
For the first integral we proceed as in [2] after (70). The same argument as in 3D shows
there is a constant e such that for z < ep™! we have |F(z, /Zp) — F(z,0)| < Clplz~' (1 +2)~".

Hence,
—1

p
/ |F(z,/zp) — F(x,0)|dz < C\/parctan (ep_1/2> < Cy/p.
0

Moreover, the same expansion as in 3D shows that for small enough p we have F(z,p) < Cz~2
for > ep~! and all p. Hence,

/°° |F(z,/zp) — F(z,0)|dz < Chp.

P

In total we have that I is of negligible order O(p°/ 4l~)2).~ .
Next, we substitute y = z/87b and obtain Q = 8 pb* [;° h(y, p)dy + O(p°/*b?), where

hy, p) = 4+ 20 + 20 o) g+ 22 g+ —(1- Sthy/c) ).
(y,p) <y 87rb> (y i ) (y i ) 5 0 y/

Computing the integral and expanding yields

~ 1 ~ -
Q = 8mpb? <F+ 5 Vo —n2—1nc) + O(b)) .

Combining e(p) = 4mpb + Q + R + O(pb?) and using b = b + In(c)b? + O(b?) we arrive at the
result (). O

3 Conclusion

Our result gives an upper bound on the ground state energy of a dilute Bose gas in 2D. To
leading order the bound is tight. However, our bound does not provide the expected negative
correction of order pb? In(b) and directly gives a smaller correction of order O(pb?). The main
difference between the computations in 2D and 3D comes from the different scattering solutions.

Remark 3.1. In our computation, we did not specify the constant c¢. The choice of this constant
may affect the result at order O(pb?) through the term R.

Remark 3.2. With the additional assumption that Vo = vb for v = O(1) in p we obtain
e(p) = 4npb + 4mpb® Inb + O(pb?). The same assumption is made in [3], where they also obtain
the 47pb? In(b) correction with a calcuation similar to ours.

In our derivation, we chose the e, in such a way that we could find explicit expressions for
them. However, they do not minimize the full energy functional. It remains an open question
whether this method definitely fails in finding the negative correction of order pb? In(b). Maybe
minimizing the full functional would give us the desired term.
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