The Polaron model with cut-off in the
strong coupling regime

Introduction

In the following, we study the polaron Hamilton operator and its ground state energy
in the strong coupling limit, which is a model to describe the interaction of a charged
particle moving trough a polarized medium. The investigation is based on the Feynman-
Kac formula, which allows one to express the kernel of the imaginary time Schrédinger
semi-group (z|e A(=A+V)|y) as an expectation value. This has the advantage, that one
can now apply tools from probability theory to the original problem. In the case of the
polaron, Donsker and Varadhan [3] used the theory of large deviations to verify that the
asymptotic behaviour of the ground state energy Ep(«) is given by

Ep(a) =~ —aQ’yp,

with a suitable constant «y,. Their proof is based on the zero temperature limit 3 — oo.
In this work we rather follow the work of [1], by performing the infinite temperature
limit 8 — 0. Note that in both cases, the result is not quantitative, in the sense that
one obtains the limit a=2Epy(a) but not the one of Ep(a) + a?,.

The goal of this write-up is, to improve the asymptotic result in the case of the polaron
model with cut-off modes. We will be able to verify that a9 (Ep(a) + a?v,) = 0 for

all ¢ > % It is crucial, that we discretize the original model, written in strong coupling
units. Otherwise we cannot expect the finite model to feature an o asymptotic. It is
worth mentioning, that the strong coupling units correspond to a semi-classical treatment
of the polarized medium.

The Model

We want to investigate the asymptotic behaviour of the ground state energy Ep(a) in
the limit o« — oo of the Hamilton operator H, := a?h,, where

1 €| z|? 3 B ) .
ho = —5A+ ;|oz4| + bb+n2 Y |K] 1(elkxbz+e ““bk),
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and A := {k € (n_IZ)S : 0 < |k| < m} C R3. Note that by, should satisfies the a
dependent CCR [bk,b;r] = a_25k7ll. Let us define a; := « by, which then satisfy the «

independent CCR [ay, a;f] = 0x;1. As a motivation, this Hamilton operator emerges, if
one discretizes the Polaron Hamilton operator

1 2 . .
—§A + 6a;| + /CLL% dk + \/a/ k|7t (elkzaz + e_lkzak> dk,
rewritten in strong coupling units. The harmonic potential # is added for technical

reasons, and we assue that €, does not get too small or too large, to be precise we
assume oV < e, < a3 for some N > 0. Note that this especially includes the constant
case €4 = €.

If we transform the Hamiltonian according to the unitary map T (zx) := a~3 Pla™1z),
we obtain

T H, T=H,

with
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By applying the Feynman-Kac formula and integrating out the field variables, we
obtain
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where X is a Brownian bridge from (0,0) to (3,0) and

Fa,y) =n=2) [k[72eHE0),

keA

By the substitution aXs < X,2, and rescaling in the integral as well as explicitly
expressing the trace over the Fock space, we obtain
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where we used cosh (]7‘| - g) < cosh (g) in the last inequality. By applying Jensen’s

inequality to the probability measure f~1 foﬁ . dz, the convex function z — e 7% and the

. . _(Bea 2 _ _Bea 2
random variable s > %*[Xs+3:|2, we obtain e Jo 1 Xstal® ds < B 1f0ﬂ e~ A5 Xstal® g,
Therefore, integration over the x variable yields

8 _3
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With this at hand, we can estimate the trace of the semi-group by
_BH( _g\ Al 9\ 3 21coth(£)a—4 [72° [89% £(x, X,) dsd
tr e ” §<1_65> (€aBB2) 7% -Egg @ 300tm(5)a™ Jo [ J(XeXe) dode

A
- <1 - e_ﬁ> " (€aB?) 2 -Eop el

where 7(T) .= 71 fOT dx, ds is the normalized occupation time of X and

Fglu) := gcoth <§> /n_3 Z k|72 ) (1@ ) (dz, dy).

keA

Consequently,
—IA
c—BEo(@) < tp o~ PHE) < (1 B 676) e B82) 3R 0 cBFSIr),
. oy -1 a28F [T(azﬁ)] . .
With the definition Fj,qi(a, ) := —f7logEo € 8 , we can write this as

Fo(a) > Fpaa(ar 6) + A5 og (1 ) 4+ 257 og (a8

The main effort will be, to verify the following theorem:

Theorem 0.1. Let Ty > 0. For o83 > Ty, the free Polaron energy can be estimated by
Fpoi(a, B) + a®(8) = ~CB~ log(a’B) = 57,
where we define

W(8) = s (ﬁcoth (5) [ [n* S 2ot Plot? dady - [ [Tt dx>.
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Furthermore, we will show:

Theorem 0.2. There exists a constant C, such that for all o > 0, we can estimate

Eo(a) + a* < Cv/ea.
From this, we can deduce the following corollary:

Corolary 0.3. (Estimate on the ground state energy)

Let a™V < ¢, < as loga for some N € N. Then there exist an ag and constants
A, B such that for all a > oy

FEy(a +a2 <C’a%log0¢
’ ( ) 7p ’
where Yp 1= ’yp(O).

Proof. Using the theorem above, we obtain

Eo(a) + oy

> Fyai(a, 6) + 0*3(8) + (0% (1) — 0?2 (8)) + 1415~ Tog (1= ) + 257 o (ca?)
> C187 og(B) — C28 ™ og(aB) — C1™" + a2(1(1) = 7 (8)).

Let the functional value of ¢ be € close to v,(/5). Since f is bounded by some constant
D and ||¢||;2 = 1, we have for all € > 0 (and therefore also for e = 0)

//fwy|¢ )2 6(y) 2 dady — /|v¢ 2 da
gcoth< )//f:vy z)[*|¢(y)* dwdy — /!V¢ \de—(gcoth(§>—1>D

=7,(8) — e — <§coth (g) - 1> D;.

Note that gcoth (g) —1 < Dy3? for a large enough constant Dy. Hence,

(1) = (B) — Cs 3.
Together with o= < ¢,, this leads to the inequality

Eo(a) + oy, = C187 og(B) — CaB~ " log(aB) — Csa®B% — CuB™!
for all o, . With the choice f(a) := a3 we obtain for all o (note that still a?3 — 00)
Eo(a) + oy, > —C{a% log(a) — C’éoe% log(a) — Céa%.

The upper bound follows immediately from Theorem 0.2 together with the assumption
€q < a3 loga. O



Reduction to a finite dimensional Problem

Definition 0.4. Let L C A such that A = LU(—L). Then we define the random vector
V= (Vi)gen : M(R?) — R as

| Jcos(k-z) 7(dz), ke L
Vilr) = {fsin(k -x) 7(dz), k € —L.

Furthermore, let fg : RA — R bet defined as

fs(v) := Beoth (g) n=3 > [k ol

keA

Note that we can write the random variable Fg as g = fg o V. Therefore, we can
reduce the original problem to a finite dimensional one. To make this precise, we will

define a measure on a subset of R* and investigate the large deviations of the random
variable fg instead of Fj3. For convenience, we will denote with Aﬁ n = fﬁ_ ! ((%, oo))

the upper level sets of f3.

Definition 0.5. We define on R®, equipped with the Borel algebra, the probability mea-
sure Pp := Law (V o T(T)). Note that for a bounded and measurable function f : R® — R

[ #aer =500 £ (vor®).

Especially,

Eq g eaQBFﬁ[T(O‘2B>] _ /eO‘Qﬁfﬁ dPa25.

We have seen in the introduction that the Dirichlet form £[¢] := [|V¢[? dz plays an
important role. By identifying a function ¢ with the measure du = ¢>da we can lift the
Dirichlet form to a functional defined on the space M(R3). This form is then usually
called the Fisher information. Furthermore, we use the random vector V' to transport
this definition to RA.

Definition 0.6. We define the functional Ivigher : M(R3) — RU {+0c0} as

[IVo[? dz, dr = ¢2dz with ¢ >0

400, otherwise.

IFisher [7—] = {



With this at hand, we define I : R = R U {+o0} by the formula

Iv] = inf Ipigher!|T]-
[U] TZV}E'):”U Fish [T]

Furthermore, let us denote with Q2 := [I < +o00] the set where I is finite and with G := I*
the convex conjugate of I, i.e.

G(a) := seuR% (a-v—1Iv]).

Lemma 0.7. Let f : R* = R. Then we have the identity

sup (f V(7)) — IFiSher[T]) = sup (f(v) - I[U]).

TEM(R3) vERA



Lower Bound on the Ground State Energy

The following three theorems are the milestones in proving Theorem 0.1. We follow the
strategy of [4], with the difference that we try to obtain a more quantitative version of
the asymptotic results. The proof of each of the theorems is dependent on the statement
of the subsequent one. The proofs will also involve crucial lemmas from the last section.
In the first theorem we will get our input information on the measure Py by applying
Feynman-Kac, which will yield us a Laplace principle for linear functions. From this we
deduce the next theorem, which is a quantitative version of a Large Deviation result for
the occupation time measure Pr, see also [2]. This can then be used to prove the last
theorem by a modified version of the Varadhan Lemma (see [5] Theorem 27.10), which
is a gain a Laplace principle, but this time for the functional fz in which we are actually
interested.

Theorem 0.8. Let Ty > 0. Then for all a € RA and T > Ty, we have the estimate

log/eT(‘“’) Pr(dv) =T G(a) < %logT—{—cl|a|.

n?
T > Ty and all j,n such that in§3 I[v] < M, we have the uniform estimate
veA]

Theorem 0.9. Recall the definition Aﬁn = fﬁ_l ((J oo)) Then, for all M >0, B < Bo,

log Pp (Af+17n> +7T eiig Ifv] < cplog(T) + czlog(n) + ca.
v jn

Theorem 0.10. For all B < By and T > Ty, we can estimate the integral

log/eTfﬁ dPr — T'sup (fg(v) — I[v]) < c5log(T') + cs.

vERA

Proof. (Theorem 0.8)
For a € R? let us define the potential

h(z) = Z ay cos(k - x) + Z agsin(k - x).

keL ke—L



Applying Feynman-Kac yields
<0‘€ —A— h ‘O> QWT)_%E()’OGIOT h(Xs) ds — (27TT)—%E0706T(1~V(7-(T))

= (27T) "2 / T Pr(dv).
Let us define the modified potential i := h — G(a). Since

G(a) = sup (a-v—1I[v]) = sup )(/h dr — IFiSher[T]> = sup (/h|¢|2dx —E[qﬁ])

vERA reM(ES3 16l ,2=1

is the negative of the ground state energy corresponding to —A — h, we obtain that the
operator —A — h is positive. Hence, we have for T' > Tj

<0’€_T( A— h)|0> _eTG(a) <0| —T(—A—h) |0> <€TG <0| —To(—A— h)|0>
= eTG(a)(QﬁTO) 2E0 oefo h(Xs) ds < TGla )(27rT0)_562T0HhH.

Using ||h]|co < ¢}]al, we obtain

log/eT“‘” Pr(dv) < TG(a) + glogT + c1Tplal — %log (27Top) .

O
Proof. (Theorem 0.9)
Let us define the half spaces Hy := {v:a-v < G(a) + s}. Then it is clear that,
[I<s]= () Ha
acRA
For s := inf I[v], let a1,..,a, be as in Lemma 0.21. Then we know that AJJrl o =1fs>

veAP
J,n
x| with z := % and [I < s] are separated by the intersection of p < Cn2/Al half spaces
Mr_, H; with H, := H,,. Consequently,

p p
Pr(a, 1) < D Br(H) < 3 [ 00000 pr(an)
=1 =1

< pe—Ts sup e—TG(a,-) /eTalwv PT(dU).
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H_2

[f>x]

H.1

H_4

Therefore we obtain, using Theorem 0.8
3
log IE”T(A]Jrl ) < —T's +log(p) + sup (—TG(ai) +TG(a;) + B logT + cl|ai|)
7

3
< —T's+ 2|A|log(n) + B logT" + ¢1Cy-

Proof. (Theorem 0.10)
Let us define My := || fi]|oc — 7p(0) and jz(n) as the smallest index such that

inf  I[v] > M.

B
UEAJ'B(")JI

By Lemma 0.22, we know that there exists a M < oo, such that

mf Iv] < M
UEA

for all j < jg( ) + 1. Let us now define a partition of the measure space, given by

Bj = A \A]_Hn for j < jg(n) and Bjﬁ(n)ﬂ = AP

Ja(n)+1n" Then we obtain

/ Tis dPy < Z / eTe APy < Z e NV o) + el lep (A7 () +1,)

<nllf}alloo sup e’ ]P’T(Aﬁ ) + eTWsllpy (42

1)
7<is(n) plm)+1m
By applying Theorem 0.9, we can estimate both terms. We start by estimating the

logarithm of the second one

log <6T||fﬂHoo]l”T(AfB(n)Jrl’n)) <T|fgllec =T iglf Iv] + calog(T) + e3log(n) + cq

veAjﬁ(n)v"

T (|[fplloc = M) + c210g(T) + c3log(n) + ca.



We can compare 7,(0) < 7,(8) and for 3 <1 also || f3]/cc < ||f1]lcc- Consequently,

log <€T||fﬂHoo[P>T( Al (n)ﬂ’n)) < Tp(B) + 2 1og(T) + c3log(n) + cu.

For the other term, we have

J+1
log (”Hf/aHoo sup 7% P:w(Af,n))
7<jg(n)

|+ 1 .
< log(n|[fsllec) + T sup <] — inf I[v]) + c210g(T) + c3log(n) + ¢4
7<jp(n) n vEAf,l

,n

2T
<T sup sup (fg(v)—1I[v])+ — + chlog(T) + cylog(n) + ¢

i<j B
7<ip(n) ved? | |

2T
< Typ(B) + - + ey log(T) + ¢ log(n) + ¢}
Using the inequality log(A 4+ B) < log(2) 4+ max{log(A),log(B)} leads to
Tfs 2T /" " 1"
log [ e /7 dPr < Tv,(5) + — + ¢4 log(T) + 5 log(n) + cj.

With the choice n := T, the statement of the Theorem follows.

10



Auxiliary Tools

Lemma 0.11. The functional I : R® — R U {oo} is convex.

Proof. First, we verify that the Fisher information Iwigpher is convex. To do so, let 7 be an
arbitrary measure with a smooth density function, i.e. a measure which can be written
as d7 = fdz. Then we can compute

2
trwpelrl = [ 1933z = [193/7P ar= [

2
Since the function ¢(z,y) := 2% s a convex function defined on R3 x RT, we obtain

that Ipisher[7] = [ ¢(V [, f) dz is a convex functional.

To verify that I is convex as well, let us consider a convex combination v = t1v +t9vg €
RA. Tt is clear that every measure 7 which can be written as 7 = t17 + tom with
V(7)) = vi, satisfies V(1) = v. Consequently,

Ilv] = inf Ipigper[T] < inf  Ipisher[t171 + t272]
T:V(r)=v 71,72:V (135)=0;
< inf (t11pisher|T1] + t2IFisher[T2])

m1,72:V (Ti)=0;

=t1 inf  Ipghe[T1]) + 12 inf  Ipigher[T2]
71:V(11)=01 71:V(11)=01

= tlf[vl] + tQI[’UQ].

Definition 0.12. In the following, let us denote

El4] = / 2

Lemma 0.13. (IMS localization formula)
For all §,e with 0 < § < €, we can find C* functions 0 < x1, x2 < 1, such that x1(x) =1
for all x € [h > ||hl|co — 9], x1(x) =0 for all z € [h < ||h]|co — €] and

XT+x3 = 1.
Furthermore, we have for all ¢ € L?
16) = Ebad) + hxadl = [ (Il + el 62
Proof. The second part of the lemma follows simply by computations, therefore let us

only prove the first part. Since X; := [h < [[hf|oc — €] is a closed set which is disjoint to
the closed set X := [h > ||h]lcoc — 0], we can find a r > 0 such that even X7 + Bs,-(0) is

11



disjoint to X9+ Ba,(0). Note that we have to use the periodicity of h at this point, since
we cannot assume that X7, X9 are compact sets. Let us define f; as the characteristic
function of the set (X; + B,(0))° and g; := ¢ * f;, where ¢ is a mollifier with support
contained in B, (0). It is clear that ¢;|x, = 0 as well as g;(z) = 1 for z € (X; + Ba,(0))".
Since X7 + B, (0) is disjoint to Xo + Ba,(0), we know that either x € (X + B2T<O))2 or
z € (X3 4 By,(0))?. Therefore,

gi+95> 1.

_1
Consequently, the functions y; := (g% + g%) 2 g; are C™ and satisfy 0 < x; < 1 as well
as

i+ =1

It is immediately clear that xi|x, = 0. Finally, an element = in [h > ||hljc — J] is
especially an element in X5. Therefore, we know that ga(z) = 0 and consequently

NI

xi(z) = (g1(z)*) 2 gi(z) = 1.

O]

Lemma 0.14. (IMS localization formula-infinite version)

Recall the definition A := {k € (11*1Z)3 10 < k| < m}. We define G := [0,27n)? as
the smallest unit of periodicity, concerning the functions e** with k € A. Furthermore,
we denote Gy := G + (2mn)l for { € Z3. Then, there exist functions (x¢)seys such that
0<xe<1, xela, =1, xela, =0 for all [t —£'] > 1 and

doxi=1
J4

Furthermore, there exists a constant C, such that we have for all ¢ € L?

e e / &,
l

Proof. Let 0 < g < 1 be a C* function, which satisfies g|¢ = 1 and g|g, = 0 for all
|¢] > 1. We define gy(z) := go(x — £). Tt is clear, that for all x € R3, there exist at most
six indices £1, .., g such that g,(z) # 0. Therefore, 0 < 3", g7 < 6 and this sum is a C™
function as well, since for all compact subsets only a finite number of indices yield a non
zero contribution. It is easy to check, that the functions

1
)
Xe = (Z g%) g¢
e/

12



have the right properties. For the last inequality of the lemma, note that for all z € R3
only six indices {1, .., {5 satisfy |V x| # 0 and since the different functions are translations
of each other, we have the uniform bound |Vy,| < C’ for some C’. If we define C := 6C’
we obtain

El¢] > Elxedl —/ (Z |VX€|2) ¢ > Eud) - C/d>2-
4 J4 4

Lemma 0.15. For a non zero a € RY, let us define the function h: R> — R
h(z) := Z ay cos(k - x) + Z ag sin(k - ).
kel ke—L

Then, the set S := [h = ||h||c] has zero volume, i.e.

/ldx:0.
s

Proof. Let us define

hi=h—|lhllec = =llhllsc - 14+ > arcos(k-.)+ > apsin(k-.).
keL ke—L

Note that 0 ¢ A, therefore the functions 1,sin(k - .),cos(k - .) are linearly independent.
Since a # 0, this implies that h is not constant equals 0, and therefore we know from [6]

that [h = 0] = [h = ||h||] is & set with zero volume.

O]

Lemma 0.16. Let S. := [h > ||h||coc — €]. Then Se gets thinner for € — 0, in the sense
that c. goes to infinity for e — 0, where c. is defined as

ce :=sup &[]
¢
and the supremum is take over all ||¢|| = 1 which have their support in Se.

Proof. We know that from Lemma 0.15, that S := [h = ||h|lo] has zero volume. If we
define Gz = U\E'—K\gl Gy as the second unit of periodicity (compare with Lemma 0.14),
then Lemma 0.15 tells us

/ 1de — 1dz=0.
Gfns. =0 Jafns

13



Therefore, the constant ¢, defined as

. = sup E[9
¢
where the supremum is take over all ||¢|| = 1 which have their support in Gzr N S., goes

to infinity for small e. Note that due to the periodicity, ¢, is really a ¢ independent

quantity. Note that for all normed ¢ with support in S, the corresponding functions
X¢® from Lemma 0.14 have their support contained in GZ N S.. We conclude

o)z 3 ebus) - C =Y. [ - C =~ C o0,
V4 V4

e—0

O]

Lemma 0.17. The set 2 := [I < 0] is open and for all sequences v, — v € OQ with

n—oo
a limit in the boundary of 2, we have

lim I[v,] = oco.
n—o0

Proof. Let v € 9Q C R™. Since I is a convex functional, we know that the  is a convex
set. Therefore, there exists an a € R\ {0} such that

a-v=sup a-v. (1)
v’ e
With this a at hand, let us define in the spirit of Lemma 0.16 the function h : R?* — R

h(z) := Z ag cos(k - x) + Z agsin(k - x).

kel ke—L

Let 7 be any measure, such that V(7) = v. Then we can rewrite Equation (1) as

/h dr—  sup /h v’ = [[hue.
7/ Ipisher [T'] <00

By the definition of ¢, in Lemma 0.16, it is clear that Ipigher[T] > ¢, and therefore we
have by the statement of Lemma 0.16

IFisher [7—] Z Cc — OCQ.
e—0
Consequently, v ¢ €2 since there is no realization V(1) = v with finite Fisher information.
This tells us, that €2 is disjoint to its boundary, and hence it is an open set.

Let us now consider an arbitrary sequence v,, —> v converging to v. It is clear that
n—oo
a-v, — a-v = ||h||ec. Therefore, for all ¢ > 0 there exists a ny such that for all
n—o0

n > ng, we have a - vy, > ||hl|ooc — t. This means for any realization V() = v, of v,, we

14



have [ h dr > ||h|jc —t. For arbitrary e > 0 and ¢ > 0 we can find ¢ small enough, such
that this leads to

€

(10 < Ikl = 51) < a.

In the following let x1,x2 be as in Lemma 0.13 for ¢ := § and let us define C,

IVX1lloo + IVX2lloo- If IFisher[7] is finite, then we can write d7 = ¢>dx and we define
¢1 = x1¢ as well as ¢9 := x2¢. Note that the support of ¢, is contained in the set S,
from Lemma 0.16, and therefore £[¢1] > cc||¢1]|?. We also know that ||¢1||? + ||2||* = 1

as well as [|¢2]?> < ¢ since we know that 7 ([h < ||h]|oc — §]) < ¢ as well as that the

support of x2 is contained in [h < ||h|lc — §]. If we combine these results and use that
Vxi has a support contained in [h < ||h|l — 5], we obtain

Trighe[7] = €[9] = €[] + Elgn] = O ([ < oo = 5] ) 2 el = @) = Ceq.

If we chose ¢ small enough, we obtain for all n > n(e€) big enough and all 7 which satisfy
V(1) = vp, that

1
IFisher[T] > 506 -1
Since the right hand side goes to oo for € — 0, we conclude
lim I[v,] = oo.
n—oo
O

Corolary 0.18. The functional I is lower semi-continuous. Therefore, the convex con-
Jugate acts as an involution I = 1.

Lemma 0.19. The sets [f3 < z] and [fz > x + 8] can be separated by at most C52Al
half spaces, where C does not depend on x as long as x + 0 < xg for some xg. This
means, there exist half spaces Q1, .., Qm with m < C5~ 2 such that

[fs <] C ﬂQz [fs < x+4).

Proof. Let us define the linear map L : R — R» by L(v) := (2coth( ) |k]2vk>k as
well as the sets X := L ([fg < z]) and Y := L ([fg < x + 4]). By the definition of fz it is
clear that X = B 7(0) and Y = B ;75(0) are balls with radius r1 := \/, respectively
ry :=+/x + 6. Since x + 6 < x, we have ro —r; > (2\/370)_15. A ball of radius r; and
one of radius o in a d := |A| dimensional space can be separated by D(ry — 1) 2% half

15



spaces Vi, .., Vi with m < D(rqg —71)72¢ < D 2IAl Therefore, the half
spaces Q; := L~1(V}) satisfy the claim of the Lemma.

O

Lemma 0.20. Let P := ﬂf\il Q; C R be a non empty intersection of finitely many half
spaces Qi and Q) another half space with P C Q). Then, there exist i1, ..,1q+1 € J which
already satisfy

d+1

Qi C Q.
k=1

Proof. Let us write the half spaces as @ = {v:a-v < s} and Q; = {v :a; -v < s;}.

With the definition s* := sup (a-v) and @* := {v : a-v < s*} we obtain that there
veP
exists a vg € OP with a - vy = s* as well as the inclusion P C Q* C ). Furthermore, we

denote with N,, C R? the normal cone of P at v, i.e. the set of all directions b such
that b- (vg —v) > 0 for all v € P. It is clear that a € N,,.

Note that P is a convex polytope, defined by the collection of linear inequalities a;-v < s;.
This implies, that the normal cone is the convex cone generated by the elements a;, which
satisfy a; - vg = s;, i.e.

Ny =c({a; 17 € I(v)})

where I(vg) is the set of all ¢ which satisfy a; - v9 = s;. Let I' be a possible infinite
triangulation of this cone, i.e. T' = {v; : j € J} is a collection of d + 1 simplices v;
such that the union of all simplices is V,, and the extreme points of the v; are subsets
of {A\a; : i € I(vp), A > 0}. Furthermore, the 7; also satisfy a ”disjointness” property,
which we do not need in the following. Since a € N,,, there exists a simplex v € I’
with @ € . From the properties of a triangulation follows, that we can write v =
conv(Aiai, , .., )\d+1az‘d+1) as the convex set, generated by the points Aja;,, .., Ag11ai,, -
Therefore, there exist 0 < ¢y, ..,t, such that a = tya;, + .. + tay1a4,,,. Consequently,

Qi N..NQiy,, CQCQ.
O
Lemma 0.21. Let s := inf I[v] < M. Then we can find a1, ..,a, with p < Cn2Al as

veAﬁn
well as |a;| < Cyr, such that the half spaces

H;:={v:a;-v<G(a;) + s}

separate the conver stets [I < s| and A?_H -
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1 .
Proof. Let us define z := +2, Yy = % and 6 ==y —x = % Then it is clear that
[fs>y] = AJ@H,n and

[ <s] C[fs<al.

Furthermore, we denote H, := {v : a-v < G(a) + s}. Since [I < s] = (),cpa Hq is
a compact set which is included in the open and bounded set [f3 < z] we obtain by
a compactness argument, that there exist finitely many H,,, .., H,,, such that already

P = ﬂfil H,, C [fs < z]. By Lemma 0.19, we know that there exist half spaces
Qla ooy Qm with m S Cn2|A‘ and

[fs<a]lc(Qc A,
=1

Especially, P C @Q; for all [ = 1,..,m. Therefore, we can apply Lemma 0.20 for P =
ﬂi]\il H,, and each subspace );, which yields us the existence of indices Qi . with [ =

1,..,mand k = 1,..,|A| 4+ 1, such that ﬂlkAlJrlH

=1 i
of half spaces H,, consists of at most C(|A| + 1)n?A elements and indeed separates

[I < s] from Af+1,n,

C @;. Consequently, the collection

since

m
I <s]CPC(\Hay, €(QCAY,
Lk =1

Finally, we have to verify that all a involved in this collection are bounded in a suitable
way. First we define K := [I < M|, where M is given by the assumption of the Lemma.
Since this is a compact set contained in the open set Q := [I < oo, there exists an € > 0,
such that the closure of K := K + B.(0) is still contained in Q. As a consequence,

sup I[v] < co. Without loss of generality, we can assume that all H, involved in the

aceKt+
separation of [I < s] from Af 41, are approximately tangent spaces, in the sense that

there exists a v € R? such that a - v = G(a) + s and dist(v, [I < s]) < §. Therefore,

€ €

a-v>Ga)= sup (a-w—Tw])>a- <v+a> —1TI [v—i—a] .
weRA 2|a’ 2‘6L|

Rearranging the inequality above and using the assumption s < M yields

2 2
la] < =1 [erEa] < —sup I[v] =: Cy < 0.
€

2|a’ B €CacK+

17



Lemma 0.22. For a given My < oo let jg(n) be the smallest index such that

inf  Ifv] > M.

B
VA (n)n

Then, one can can find a M < oo and By, n«, such that for all B < By, n > nx and
J<js(n)+1

inf I[v] < M.

B
’UEAjm

Proof. Let us define y' := max fo ([I < Mp]). If we take e small enough and define

y =y +¢€, we know that M := ; %n)f I[v] < co. Let us take By small enough, such that
0(v)>y

Il.fs — foll < § for all B < By and n. big enough such that % < g for all n > n,. If we

can show that % <y, we are done since this implies for all j < jg(n) + 1

inf I[v] < inf Ifv] = M.

fa(v)>L fo(v)>y

% < y by contradiction. Therefore, let us assume w > .

We are going to verify 22
This implies % >3 + 5. Since max fg ([I < Mo]) <y’ + §, it is clear that for all
v € Afﬁ(n)—l,n we have fg(v) > max fg ([ < Mp]). Therefore, we have already for the
index jg(n) — 1 the estimate

inf  Iv] > M.

B
veAjB(n)fl,n

A contradiction to the definition of the index jg(n). O
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Upper Bound on the Ground State Energy

In this section, we want to prove the upper bound on the ground state energy given by
Theorem 0.2. We will achieve this by computing the energy of suitable test functions.
Before we can turn to the proof of the theorem, we need to prove the following Lemma:

Lemma 0.23. Let g : R3 — R be a function with ||g|| = 1. Furthermore, let L =
k27n be a multiple of the periodicity 2mn. Then we can find a modified version g with
supp(g) C [-2L, 2L, [|g]l =1, [|Vg]* dz < [|Vg|* dz+ CL™? and

/ / =33 K| 2e M| ()2l ()| dady = / / =33 k|2 g(a)2lg()|? dedy.

keA keA

Proof. Similar to the IMS formula in 0.14, we construct a smooth quadratic partition
of the whole space. First of all, let h be a smooth function which is one on [~1,1]3
and has a support contained in [—2,2]3. For ¢ € Z3 we define the translated version
he(x) := h(z —0) and Hy(z) := (>, he (.%))_%hg(aj‘). It is clear that this these functions
form a quadratic partition of the whole space and Y, |V Hy|? < C for some constant C.
Now we define the final partition as y,(z) := Hy(L™'x). It is clear that this is again
a smooth quadratic partition, now with the support property supp (x¢) C [—2L,2L]3.
The gradient can be estimated by

Y IVxl* <cL?
7

Let us define the measures 7,7, 7', 7; by dr = ¢*dz, dry = (ng)2 dz as well as the
translated versions 7, := 7y(. + (L) and 7" := )", 7;. Note that it is clear that 7 =", 7
and that 7/ is like 7 a probability measure. The advantage of the rearranged measure
7/ is that it has a support contained in [~2L,2L]3. Let us verify the bounds on the
Fisher information, which is just the Dirichlet form on the level of measures. From the
properties of a quadratic partition of unity, it is clear that

Z IFisher [Té] = IFisher[T] + /Z |VX€|2 dr < IFisher[T] + CL_2,
V4 l

where we used that the Fisher information is translation invariant Ipisher[7)] = Irisher[7¢]-
Furthermore, we know that Ipigher 18 @ convex functional and it is obvious that it scales
like Ipisher[At] = Apisher|[pt] for a positive number A, if we allow it to be defined on all
measures and not only probability measures. Therefore, Ipigher is even sub-linear, which
implies

IFisher [7—,] < Z IFisher [Té] < IFisher [T] + CL_z-
J4
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Finally, note that the function f(z,y) := n=3 3", ., [k|72e**(*=%) is periodic, in the sense
that f(x — L,y — {'L) = f(x,y). Therefore,

[t 7 e =3 [ few) deddnd) =Y [ fe-ty-6) nem

o o
=Y [ s ne o) = [ e 7 onds.dy).
o

From these properties on 7/, it is clear that the square root of the density function

g:i= \/g = xo(x) /;gQ(m + (L)

satisfies the desired properties.

O]

Proof. (Proof of Theorem 0.2)
Let us consider the test function ¥ := g ® ¢, which should be the product of a scalar
function ||g||z2 = 1 and the coherent state in the many particle space given by

qb — g(:z:) 6_% zkeA(ckaL—Ekak) . ‘O> ’

where we define the coefficients as ¢y := —an ™2 |k|7 [ |g(z)?e’®*® dz. Note that ¥ has
norm one. Furthermore, we compute

n 2
_ 2 Ck
(¥] afay - w) = e 30 0l [ 9@ dz =l
n=0

Let us write e?** for the multiplication operator by e**** and compute

=m n
(0] an_%\k\_lemkxaL S0) = e lenl® de’n_i'_l pra

et vnlm)!
el ]? ek |?)" e
_ g (el e

n.

an~3 k7! / ¢ g(2)? da

n

Since this is a real number, it is clear that (V| an”2 |k|~temik2q, . W) = —|cx|? as well.
If we combine the results, we obtain the following upper bound on the ground state
energy

€a
Eo(@) < (UH|) = [ [V dot [ Slallgla)f do = Y feuf
k

€a — - ika(x—
— 199 do+ [ Slallo@P o= etk [ [ e lgta)Plgty)? dody,

keA
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Since the inequality above holds for all g with ||g|| = 1, we obtain by rescaling
€ _ —2 ik(a—

Ep(a) < o? (/ng2 dx+/2;|xlzlg(x)\2 dx—//n 337 k|2 ) g(2) g (y) dxdy).

keA

Now we need to argue why we can omit the €,. To do so, let g be a function which mini-
mizes up to an error § the functional [ |Vg|? dz—[ [n=3 3", ) [k|72e* @) |g(2)2|g(y)|? dady,
ie.

/Ivg!2 dz — //HZ k| 2@ | g(2) ?|g(y)|? dedy < —v, + 6.

keA

From Lemma 0.23 we know that there exists for all L a function ¢ with ||g|| = 1,
supp(g) C [~2L,2L)% as well as [ |Vg|? dz < [|Vg|* dz + CL™2, while satisfying

/ / =33 k|26 g() 2l ()2 dady = / / =33 k|2 @ g(2)2lg(y)[? dady.

keA keA

If we use g as a test function, we obtain for all § > 0 and L

6
Fyla) < a? <’yp +6+CL2+ ;L2> .

Sending 6 — 0 and taking the optimal L := « (660[)_% yields

Eo(a) + a*y, < Dy/eq.
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