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Abstract

We study a class of skew-triangular block random matrices and compute their self-consistent
density of states. We show that the self-consistent density of states diverges as a power law with
-1

exponent —7— at (), where n X n is the number of blocks in the matrix.

Introduction

For a Hermitian random matrix H = (h;;)1<; j<ny With independent entries (up to the symmetry)
with mean values 0 and variances S = (s;;)1<;,j<y We have the vector Dyson equation

— =z+Sm

m
with z,my,...,my € H = {z € C : Imz > 0}. Here we abuse notation and write = =
(=1/my,...,—1/my). This equation has a unique solution [1, Theorem 6.1.4]. Note that this equa-

tion has the symmetry
z— -z and m — -m.

Solving this equation we may find the self-consistent density of states
1 1 <
E) =lim — (I E+in)) =lim— > 1 E +in).
p(E) = lim — (Imm(E +in)) ;{%nN; wm (E + in)

This (deterministic) object will in general approximate the (random) eigenvalue distribution of H
if N is large, see [1]. By the symmetry of the equation p is an even function. We will here study the
vector Dyson equation for a class of nN X nN matrices with
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2 CONSTANT VARIANCE

where the s;; are N X N matrices such that (Sij)kl #0ifi+j <n+1lands; =0ifi+j >n+1.
The vector Dyson equation then takes the form

1 n+l-k
—:z+Zskjmj, k=1,...,l’l,
my =

where we split m according to the blocks, i.e. m = (mjy, ..., m,). We expect that for reasonable
assumptions on the s;; we have

Conjecture 1.1. As E — 0 we have p(E) ~ |E|_Z_1%.

Here we write f(x) ~ g(x) asx — 0 if there exists constants ¢, C > 0 with ¢|g(x)| < |f(x)] <
C|g(x)| for all sufficiently small x.

Constant variance

We will first consider the case where (s;;) « 2re all the same value, which by scaling we may take
to be (s;/) x = L. Inthis case all components of my are the same - they satisfy the same equation.
We will thus just write this component as 7. Similarly the action of s;; is just multiplication of the
value of any of its (all identical) entries 1. Thus, we will just treatit as anumber s;; = 1ifi+j < n+1
and s;; = 0 otherwise. The vector Dyson equation thus becomes

— =Z+mi+...+Mys1-, k=1,...,n. (2.1)

Then p(E) = const. lim,~ o 2.3, Im m (E + in) In this setting we prove the conjectured result.

Theorem 2.1. In the limit E — O we have that p(E) ~ |E|_Z_I}

The main technical result we show is

Proposition 2.2.As 7 — 0 we have that |my| ~ |z|1_%. In particular |m1| ~ |z|;% and |m,| ~
o] 5.

We will proceed by an induction argument on n. The induction argument will proceed by defining
Z = 7+ my, and so for this to be a small quantity we first show

Proposition 2.3. In the limit 7 — 0 we have m = o(1).

For this we define the saturated self-energy operator F by F'u = |m|S(|m|u), meaning it has entries
F;j = |mj|s;jlm;|. Then by (a slight modification of) [1, Proposition 7.2.9] we have that ||F|| :=
|Fl,2— < 1. The modification of [1, Proposition 7.2.9] is as follows. Since F? has strictly positive
entries the Perron-Frobenius theorem for primitive matrices [2, Theorem 8.4.4] gives the existence
of a Perron-Frobenius eigenvector. The remaining proof of [1, Proposition 7.2.9] is the same. Now,
we may prove the proposition,

Proof of Proposition 2.3. Suppose for contradiction that |m| > ¢ for some sequence z — 0. Then
clmi| < |lmylimi| = Fie < [[Fll <1

and so every my is bounded. Hence by extracting a subsequence we may assume that all my converge
asz — 0. Then

-l1=zm+mSm — mSm



The bound ||F|| < 1 survives in the limit and thus

n= |(1|mSm>| = Zm,-sijmj < Z Iml-|s,~j|mj| = <1|F1> <n
i,J i,j

We conclude that mSm = A?|m|S|m| = A2F1 for some fixed A € C,|1| = 1. Thusm = A|m| and

—~1 = mSm = A%F1. Since F only has non-negative entries this gives 1> = —1 and thus using the
first and last equation we get m,m; = —1 = Z?zl mim . Hence,
n—1 n—1
0= Zmlmj = —Z |m||m;].
J=1 J=1
Thus |m1| = 0 at z = 0. Contradiction. We conclude thatm| = o(1). O

We may now prove Proposition 2.2.

Proof of Proposition 2.2. This we prove by induction from n —2 to n. One may directly check the result
forn = 1, 2. Hence, suppose the result is true for n — 2. Define = z + m;. Then by Proposition 2.3
we have Z = 0(1) as z — 0. The equations (2.1) now read

-1 ~
—=z+m+-:-+m, =Z+mo+...+my,
n;
-1 ~
— =Z+my+---+my_q =Z+mo+...+my_q
ms
-1 ~
=z+my1+my =Z+m2
mp—1
-1 ~
—=z+m =Z
my

Forgetting the first and last equation we thus have the equations

-1
— =Z+mo+...+ My
ma
-1 R

=Z+mo.
mp—1

This system of equations is exactly of the same form as equations (2.1), only with n — 2 variables m;
instead, and with small parameter 7 instead of z. The induction hypothesis thus gives that |my| ~
|Z|1_% forall2 < k < n — 1. This of course also holds for k = n.

We now show that |z| < |m] so that |Z| ~ |m1|. Hence suppose for contradiction that |m| =
O(|z|). Considering the first and last equations we have

zmi+ (my+...+my)my = =1 =zm, + mym,

Now, |m,| > 1 > |m1| and so gathering the terms with z and writing only the highest order terms
we get
zm, = mimu_1(1+0(1)).
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Thus

il = 270 211 0 (1) ~ 7 2] = 02D,

| n—ll

Thus|Z| ~ |z| and so |m1| ~ |z|%.Then|m1mn_1| ~ |z|% and so zm, = mim,_1(1+o0(1)) = o(1).

Similarly mim, = o(1). Hence the last equation gives —1 = zm, + mim, = o(1). Contradiction. We
|1_ 2(k-1)

n-1

conclude that |z| < |m1|and so |Z| ~ |m1|. Then we have |m| ~ |m;
Now, combining the first and last equations of (2.1) we get

2
my+mimy, =—-1=zmi+(my+...+my)my = mym, + 0O (lmﬂﬁ) .

_2(k-1)
|1
e

n n— 2k
Thus we get that 7 ~ |m1|n_j,i.e. |my| ~ |z|n_+} and so |m| ~ |mq T~ |z|'=# for all k. This
finishes the proof. m|

Now, we show that Immy ~ |my| so thatindeed p has the desired behaviour. First, we have the
formula.

Proposition 2.4. The solution to equations (2.1) satisfies

zmy)
my = ( 1) my forallk.
Z

Proof. The equation for my reads

-1
— =zZ+mi+...+My41-k
nmip

Thus, combing the equation for my and my. we get

1 1

- = Mp4l1-k
Mgyl Mg

Taking reciprocals and using the equation for m,.1_ we thus get

mgmigyr —1

= =zZ+tmi+.. .+ My -—(ny1-k) = tmp+...+my
Miy1 — M Mpyl—k

Thus we getfor2 < k < n — 1that

Z+mi+...+myg
Miy1 = mi.
Z+mi+ ... +mp_q

If k = 1 we instead get the formula

Z+m
mo = nmi.
<
Now, a simple induction argument gives the claimed formula. O

Now, we show that the imaginary parts of the my are of the same order as their norms. Let ¢
my [|my| be the phase of mj. Then we claim

Proposition 2.5. AsIm 7 < Rez < 1 then ¢y = exp (r{%l) + o(1). In particular Tm(my) ~ |my| ~
1— 2k
|Z| n+l



Proof. The number z has phase z/|z| = 1 + 0(1). Proposition 2.4 now gives my = mlle_k(l +0(1))
since |m1| > |z|. Hence we get for the phases that ¢y = ¢11‘ +0(1), in particular ¢, = ¢ + o(1).
Now, by the equation for m, we have

—1=zm, +mim, =mm, +o(1) = ¢1¢, +o0(1) = gb'l”l +o0(1).

We conclude that ¢; = exp (%l + %

[ = 0. For any k we have Imm; > 0. This means that -*=(1 + 2[)k € (0,7) + 2nZ for all k, i.e.
(1+2Dk e (0,n+1)+2(n+1)Z.

Taking k = linthisweget2l + 1 < n+ 1,since2/ + 1 < 2(n+ 1). Hencel < n/2. Then taking
k=2weget2(2l+1) <n+1,since2(2/+1) < 2(n+1). Hencel < %. Continuing in this fashion

we conclude that!/ < % forallk =1,...,n Weconclude that/ = 0. This shows the desired. O

i) + 0o(1) for somel = 0,1,...,n. We want to show that

Since p is symmetric this gives the desired asymptotic behaviour for p.

Variance varies between blocks

We now consider the case where the variance is allowed to vary between the blocks, but stays con-
stant inside each block. That is, the variances are given by the matrix
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where each s;; has all the same entries (which might differ for different i, j). Again, we may treat
both each s;; € RM*N and each my € HN as numbers s;j € Rand m; € H. Note that as there are
only finitely many s;; (independent of N) wehavec < s;; < Cifi+j—1 < nands;; = 0 otherwise.
The vector Dyson equation is then again

-1 . -1
— =z+Sm ie. —=z+ Z Skimj, k=1,...,n,
m

where z € Hand m € H". We prove that, in this case Conjecture 1.1 holds.
Theorem 3.1. In the limit E — 0 we have that p(E) ~ |E |_ﬁ

We discuss how the argument above generalises, where it breaks down and how to fix it.
Most of the proof works equally well in this case. The only problem is the induction step. The
construction 7 = z + m is not the correct one to make: The equations are
-1
m_k =24 Spmy+ .o+ Sk(nrl—k) Mg 1—k» k=1,...,n.
Thus, in order to absorb the m-terms into the small parameter z we would need to define 7 = z +
(s11m1, ..., Sy1my). Thisis however not a number, so something needs to be done for the induction
argument to work. We will do as follows.
Treatinstead z = (z1,...,2,) € H" as a vector instead of the number z € H and consider the

equations
-1
m— =2kt Skimy + ..o+ Sk(n+1-k)Mn+1—k» k=1,...,n.
k
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We are really interested in the case z = (z,2,...,2) € H", since this corresponds to the original
equations. Hence a natural condition to require on z is that all components are of the same order,
|zj| ~ |zk| for all j, k. We will denote this order by |z|, i.e. [zx| ~ |z| for all k. Proposition 2.3 works
equally well in this case, where z is a vector. The proof is the same. In fact, for this result, we don’t
need to impose the condition that all components of z have similar size.

Proposition 3.2. In the limit z — 0 we have m| = o(1).

For the induction argument Proposition 2.2 we have mostly the same proof, only we need to check

thatz = z+(sy1m1, ..., S,1m) has similar size components in order for the induction step to work.

2k
Proposition 3.3.Let z € H" with |zx| ~ |z| forall k. Asz — 0 we have that |my| ~ |z|'"#1. In

particular |m| ~ |Z|% and |m,| ~ |Z|_Z_;}.

Proof. The proofis mostly the same as above, i.e. by induction on 7. For the induction to work how-
ever, we need to check that the small parameter z = z + (s11m1, ..., S,1m1) has similar size com-
ponents. Hence suppose not. Then z; and sx1m1 must have almost opposite phases for some k. As

Imz > 0and Im m; > 0, this implies, that I?;’ﬁl

vanishes. Then the first equation gives us

Im my Imm,
= n1|m1| + |m1|511 Imm1 +...+ |m1|s1n Immn > Fln—
|m1| ||

I . .
and so ﬁ;m"’ also vanishes. Now we show that z,,m,, vanishes.
n

The last equation gives

Imm,, Im mq
= 77n|mn| + Fnl—
|m1]

and thus n,|m,| vanishes. If E,, = O(n,) then z,m, vanishes, and so we may assume that 5, =
o(E,). Also, by the symmetry of the equations z — —z,m — —m it suffices to consider E, > 0.
Now, the equation for m,, reads —1 = z,m, + m,s,1m1 and so |1 + z,m,| = |m,s,1m| = F,;; < 1.
Hence z,m, € B(-1, 1), the ball of radius 1 centered at —1. In particular Im(z,m,) < 0. So

|mn|

0> Im(z,my,) _ Imm, Rem,

|mn|
Since E,, ,, Im m,, > 0 we conclude that Re m,, < 0 and thus

Rem,,

=-1+o0(1).

|,

We conclude that Iﬁ;ml" =0 (Z—”) . Let arg denote the argument function taking values in (0, 27).
Then

teann =ante) st =0 ) + =0 () =0 ()

Since z,m, € B(-1, 1) we thus conclude that |z,m,| = o(1). Now we show that |mm,| > c as
z — 0.

Rearranging the equations for the real values we have E|m| = (1 + F) Rilenlln Thus

(1+F)

o(1) = Ep|my| = <en

Rem>__Remn_ Rem;

|m|

Thus Fj,; — 1. In particular |mq||m,| > ﬁ = ¢ for z small enough. Thus |z,||m,| < 1 ~ |m1||m,|
Sn

and so |z| ~ |z,| < |m1|. Then |Zx| = |zk + sg1m1| ~ |m1]| all have the same order. Contradiction.
We conclude that all components of Z have the same order.
The remaining parts of the proof is exactly the same as in the proof of Proposition 2.2. m|



REFERENCES

We may again now just consider z € H anumber, since the only reason we needed to considerz € H"
was the technical argument in Proposition 3.3 above. The formula Proposition 2.4 is also not true in
general, butitis true approximately.

Proposition 3.4. As 7 — 0 then my = c 7' *m* 1 (1 +0(1)) for some (explicit) constants ¢y > 0.

The proof of Proposition 3.4 is similar to the proof of Proposition 2.4 only we need to take care of the
error terms since we in general don’t have much cancellation of the terms.

Proof. Define A = |z|%/"*1_ Then, expanding to second order we have

1 1 Sk(n—k) = S(k+1)(n-k) Mn—k
— — = Sk(n+l-k)Mpr1-k | 1+
Mpy1r Mg Sk(n+1-k) Mp+1-k

+0(1%)

Taking the reciprocal and using the equation for m,,1—x we thus get

Mpy 1M S(n+1-k) (k-1 S(k+1)(n—k) — Sk(n—k) MMy
AT g OO, g 2D 7 IR0 Pk 0 (Jmg [22).
Miy1 — Mg S(n+l-k)k Sk(n+1-k) Mp+1-k

Thus

S(n+1-k) (k-1 S(k+1)(n—k) — Sk(n—k) MgMj41My_f
_m2 + ( )( )mk+1mk—1 + ( )( ) ( ) + n — 0(|mk|2/l)
S(n+1-k)k Sk(n+l-k) Mp+1—k

Now we use that m Sk (n1-k)Mn+1-k = —1 + O(A), which follows from the equation for m;. With
this we get

-1+

S (n+1=k) (k1) Mps1Mp—1 +(1_ Sk(n—k)

S(n+1-k)k m? S (k+1) (n-k)

) = 0(1)

S(na1—k)k Sk (n—k)
S (n+1-k) (k=1)S (k+1) (n—k)
For the case where k = 1 everything is the same only with O (1) replaced by o(1) and mg = z.

Thus, by induction we conclude the desired formula. m|

Hence my41 = ck+1mkmk 1(1 +O0(A)) for ry1 =

With this Proposition 2.5 carries over immediately, i.e.

Proposition 3.5. AsIm 7 < Rez < 1 then ¢y = exp (n+1 ) + o(1). In particular Tm(my) ~ |my| ~
This shows the desired on p.

Acknowledgments

I would like to thank Ldsz16 Erdés for supervising this project.

References

[1] Laszlo Erdos. The matrix Dyson equation and its applications for random matrices. 2019. arXiv: 1903.
10060 [math.PR].

[2] Roger A. Horn and Charles R. Johnson. Matrix Analysis. 2nd. Cambridge University Press, 2012.


https://arxiv.org/abs/1903.10060
https://arxiv.org/abs/1903.10060

	Introduction
	Constant variance
	Variance varies between blocks

