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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.
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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.
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Theorem (B. L. van der Waerden, 1927)

If we color 7 with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18,19, 20, 21, . ..
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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20, 21, . ..

k = 1: trivial;
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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20, 21, . ..

k = 1: trivial; k = 2: trivial, e. g. (6,7),(8,9),(10,18),...
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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20, 21, . ..

k = 1: trivial; k = 2: trivial, e. g. (6,7),(8,9),(10,18),...
k = 3: non-trivial, e. g. (10,15, 20);
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Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20, 21, . ..

k = 1: trivial; k = 2: trivial, e. g. (6,7),(8,9),(10,18),...
k = 3: non-trivial, e. g. (10,15,20); k =5: (5,9,13,17,21).
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Historical Overview of Results

Theorem (B. L. van der Waerden, 1927)

If we color Z with finitely many colors, then for any k € N there
exists a monochromatic k-term arithmetic progression.

Definition. (ai1,...,ax) C Z ordered k-tuple is called a k-term
arithmetic progression, if ;41 —aj=dforalli=1,... ., k—1.

...,5,6,7,8,9,10,11,12,13,14, 15, 16,17, 18, 19, 20, 21, . ..

k = 1: trivial; k = 2: trivial, e. g. (6,7),(8,9),(10,18),...
k = 3: non-trivial, e. g. (10,15,20); k =5: (5,9,13,17,21).

Conjecture of P. Erdés & P. Turan (1936). True reason: at
least one of the color classes has positive upper density.
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Definition. The upper density 5(A) of a set A C Z is defined as

6(A) = I|m nsup

o +1|Aﬂ{ n,—n+1,...,n—1n}|.

A0 «F>» «=» « > = QR
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Definition. The upper density 6(A) of a set A C Z is defined as

(A)—I|msup |JAN{=n,—n+1,....,n—1,n}]|.

2+1

Conjecture of P. Erdos & P. Turan (1936). If A C Z, such that
0(A) > 0 = A contains a k-term arithmetic progression for each k.
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Definition. The upper density 6(A) of a set A C Z is defined as

6(A) := I|m nsup

o +1\Aﬂ{ n,—n+1,...,n—1n}|.

Conjecture of P. Erdos & P. Turan (1936). If A C Z, such that
0(A) > 0 = A contains a k-term arithmetic progression for each k.

Theorem (K. F. Roth, 1953; E. Szemerédi, 1969 and 1975)

e K. F. Roth: k =3 (1953)
o E. Szemerédi: k =4 (1969), Vk € N4 (1975).

Roth: Fields Medal (1958)
Szemerédi: Abel Prize (2012)
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Definition. The upper density 6(A) of a set A C Z is defined as

6(A) := I|m nsup

o +1\Aﬂ{ n,—n+1,...,n—1n}|.

Conjecture of P. Erdos & P. Turan (1936). If A C Z, such that
0(A) > 0 = A contains a k-term arithmetic progression for each k.

Theorem (K. F. Roth, 1953; E. Szemerédi, 1969 and 1975)

e K. F. Roth: k =3 (1953)
o E. Szemerédi: k =4 (1969), Vk € N4 (1975).

Roth: Fields Medal (1958) Y
Szemerédi: Abel Prize (2012) Szemerédi’'s Theorem
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Historical Overview of Results

Definition. The upper density 6(A) of a set A C Z is defined as

6(A) := I|m nsup

o +1\Aﬂ{ n,—n+1,...,n—1n}|.

Conjecture of P. Erdos & P. Turan (1936). If A C Z, such that
0(A) > 0 = A contains a k-term arithmetic progression for each k.

Theorem (K. F. Roth, 1953; E. Szemerédi, 1969 and 1975)

o K. F. Roth: k = 3 (1953) <= Goal of the talk.
o E. Szemerédi: k =4 (1969), Vk € N4 (1975).

Roth: Fields Medal (1958) Y
Szemerédi: Abel Prize (2012) Szemerédi’'s Theorem
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Roadmap of Szemerédi's Original Proof

202 E. Szemerédi

The diagram represents an approximate flow chart for the accompanying proof
of Szemerédi’s theorem. The various symbols have the following meanings: Fy, = Factk,
Ly =Lemmak, T = Theorem, C = Corollary, D = Definitions of B, 8, P, q, 8, etec.,
tm = Definition of t,, vdW = van der Waerden's theorem, Fo = “If i Rt>RY is

subadditive then lim I exists”.
nwco W
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A Surprising Connection

In 1977 H. Furstenberg gave a new proof via ergodic theory.

Additive Combinatorics <222nection, Dynamical Systems
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A Surprising Connection

In 1977 H. Furstenberg gave a new proof via ergodic theory.

connection

Additive Combinatorics <————= Dynamical Systems

Outline of the Talk

© Ergodic Theory. Basic concepts, notation, ergodic theorems,
ergodic decomposition.

@ Correspondence Principle. Converting problems in additive
combinatorics into problems about dynamical systems.

© Weak Mixing & Compact Systems. Two extreme cases
(“pseudorandom” & “structured” systems).

Q Roth’s Theorem (k = 3). Putting the pieces together.
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A Surprising Connection

In 1977 H. Furstenberg gave a new proof via ergodic theory.

connection

Additive Combinatorics <————= Dynamical Systems

Outline of the Talk

© Ergodic Theory. Basic concepts, notation, ergodic theorems,
ergodic decomposition.

@ Correspondence Principle. Converting problems in additive
combinatorics into problems about dynamical systems.

© Weak Mixing & Compact Systems. Two extreme cases
(“pseudorandom” & “structured” systems).

Q Roth’s Theorem (k = 3). Putting the pieces together.

Remark. We mainly follow the exposition of the essay Szemerédi’s Theorem
via Ergodic Theory by Yufei Zhao (2011).
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
Notation. 7T":=To---oT, T ":=T lo...0T71 (ntimes).
TE :={T"(x) | x € E}; T"f(x):=f(T"(x)), if f: X = X.
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]
Question. What is the evolution of the system, as we iterate T7?
Notation. 7" :=To---o T, T ":=T 1o...0 T~! (n times).
TE :={T"(x) | x € E}; T"f(x):=f(T"(x)), if f: X = X.

Topological Dynamical Systems

X is a compact metric space,
T: X — X is homeomorphism.
= Topological Dynamics
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
Notation. 7T":=To---oT, T ":=T lo...0T71 (ntimes).
TE :={T"(x) | x € E}; T"f(x):=f(T"(x)), if f: X = X.

Topological Dynamical Systems Measure Preserving Systems

X is a compact metric space, (X, X, u, T), where
T: X — X is homeomorphism. @ X compact metric space,
= Topological Dynamics @ X o-algebra of measurable sets,

@ 4 prob. measure: pu(X) =1,

@ T measure preserving: VE € X,
VneZ: p(T"E) = u(E).

= Ergodic Theory
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
Notation. 7T":=To---oT, T ":=T lo...0T71 (ntimes).
TE :={T"(x) | x € E}; T"f(x):=f(T"(x)), if f: X = X.

Topological Dynamical Systems Measure Preserving Systems

X is a compact metric space, (X, X, u, T), where
T: X — X is homeomorphism. @ X compact metric space,
= Topological Dynamics @ X o-algebra of measurable sets,
@ 4 prob. measure: pu(X) =1,
In this talk: system := @ T measure preserving: VE € X,
measure preserving system. VneZ: u(T"E) = u(E).
All functions are measurable. = Ergodic Theory
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
Notation. 7T":=To---oT, T ":=T lo...0T71 (ntimes).
TE :={T"(x) | x € E}; T"f(x):=f(T"(x)), if f: X = X.

Topological Dynamical Systems Measure Preserving Systems

X is a compact metric space, (X, X, u, T), where
T: X — X is homeomorphism. @ X compact metric space,
= Topological Dynamics @ X o-algebra of measurable sets,
@ 4 prob. measure: pu(X) =1,
In this talk: system := @ T measure preserving: VE € X,
measure preserving system. VneZ: u(T"E) = u(E).
All functions are measurable. = Ergodic Theory
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Ergodic Theory |. — Dynamical Systems

Definition. X some set, T: X — X (shift map). The pair (X, T)
is called a dynamical system. [We assume T is invertible.]

Question. What is the evolution of the system, as we iterate T7?
Notation. 7" :=To---o T, T ":= T 1o...0 T~! (n times).

TrE = {T"(x) | x € E}; T"f(x

In this talk: system :=
measure preserving system.
All functions are measurable.

Krist6f Huszar

)= (T "(x)), if f: X = X.
Measure Preserving Systems
(X, X, u, T), where
@ X compact metric space,
o X o-algebra of measurable sets,
@ 4 prob. measure: pu(X) =1,

@ T measure preserving: VE € X,

VneZ: p(T"E) = u(E).
= Ergodic Theory

Szemerédi’'s Theorem via Ergodic Theory



Notation. X7 := {E € X | TE = E} (sub-o-algebra of X).
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Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
E e XT we have u(E) =0 or u(E) = 1.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
EcXT wehave y(E) =0or u(E) =1. <+—

Definition II. [...] ergodic if every f s. t. Tf = f is constant a. e.
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Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
EcXT wehave y(E) =0or u(E) =1. <+—

Definition II. [...] ergodic if every f s. t. Tf = f is constant a. e.

L2 :=12(X, X, p) := {f: X =R [x|flPdu < oo}/w, where
f~g<= f=ga. e L?isa Hilbert space; (f,g) := [y fgdpu.
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Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
EcXT wehave y(E) =0or u(E) =1. <+—

Definition II. [...] ergodic if every f s. t. Tf = f is constant a. e.

L2 :=12(X, X, p) := {f: X =R [x|flPdu < oo}/w, where
f~g<= f=ga. e L?isa Hilbert space; (f,g) := [y fgdpu.

Y C Xisaoc-alg. = L[2(X,),u) < L?(X, X, ) closed subspace.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory



Introduction Ideas of the Proof . .
Ergodic Theory WM & AP  Dynamical Systems Ergodic Theorems
Correspondence Principle Roth’s Theorem Basic Concepts Ergodic Decomposition

Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
Ec X7 wehave u(E)=0or u(E)=1. <=

Definition II. [...] ergodic if every f s. t. Tf = f is constant a. e.

L2 :=12(X, X, p) := {f: X =R [x|flPdu < oo}/w, where
f~g<= f=ga. e L?isa Hilbert space; (f,g) := [y fgdpu.

Y C Xisaoc-alg. = L[2(X,),u) < L?(X, X, ) closed subspace.

The orthogonal projection E(-|V): L2(X, X, u) — L2(X, Y, ) is
called conditional expectation.
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Ergodic Theory Il. — Basic Concepts

Notation. X7 := {E € X | TE = E} (sub-c-algebra of X).
Definition I. A system X = (X, X, u, T) is called ergodic if for all
Ec X7 wehave u(E)=0or u(E)=1. <=

Definition II. [...] ergodic if every f s. t. Tf = f is constant a. e.

L2 :=12(X, X, p) := {f: X =R [x|flPdu < oo}/w, where
f~g<= f=ga. e L?isa Hilbert space; (f,g) := [y fgdpu.

Y C Xisaoc-alg. = L[2(X,),u) < L?(X, X, ) closed subspace.
The orthogonal projection E(-|V): L2(X, X, u) — L2(X, Y, ) is
called conditional expectation.

Proposition. If a system X is ergodic, then E(f|XT) = E(f),
where E(f) = [, f du is the usual expectation.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Ergodic Theory Ill. — Ergodic Theorems

“General Form” of Ergodic Theorems.

Avn(T"F) : ZT” W) g T

some sense

Definition. Avy(T"f): time average; E(f): space average.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Ergodic Theory Ill. — Ergodic Theorems

“General Form” of Ergodic Theorems.

Avn(T"F) : ZT” W) g T

some sense

Definition. Avy(T"f): time average; E(f): space average.
Proposition. If a system X is ergodic, then E(f|XT) = E(f).
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Ergodic Theory Ill. — Ergodic Theorems

“General Form” of Ergodic Theorems.

Avn(T"F) : ZT” W) g T

some sense

Definition. Avy(T"f): time average; E(f): space average.
Proposition. If a system X is ergodic, then E(f|XT) = E(f).

Theorem (von Neumann mean ergodic theorem)
Let X = (X, X, u, T) be a system, and f € L?(X, X, ). Then
Avy(T"f) — E(f|XT) in L2

as N — oo. If X is ergodic, then the limit equals E(f).

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Ergodic Theory Ill. — Ergodic Theorems

“General Form” of Ergodic Theorems.

(N—00)

some sense

Avy(T"f) : Z T"f E(flxT)

Definition. Avy(T"f): time average; E(f): space average.
Proposition. If a system X is ergodic, then E(f|XT) = E(f).

Theorem (von Neumann mean ergodic theorem)
Let X = (X, X, u, T) be a system, and f € L?(X, X, ). Then
Avn(T"f) — E(f|XT) in L? (= also weakly)

as N — oo. If X is ergodic, then the limit equals E(f).
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Goal. Decompose an arbitrary system into ergodic components.
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Ergodic Theory IV. — Ergodic Decomposition

Goal. Decompose an arbitrary system into ergodic components.

Why? Ergodic theorems have simple forms for ergodic systems.
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Ergodic Theory IV. — Ergodic Decomposition

Goal. Decompose an arbitrary system into ergodic components.

Why? Ergodic theorems have simple forms for ergodic systems.

Theorem (Ergodic Decomposition)

Let (X, X, u, T) be a system. Let £(X) denote the set of ergodic
measures on X. There exists a probability measure p,, on £(X)
such that

= dv).
K £0X) vpu(dv)

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Ergodic Theory IV. — Ergodic Decomposition

Goal. Decompose an arbitrary system into ergodic components.

Why? Ergodic theorems have simple forms for ergodic systems.

Theorem (Ergodic Decomposition)

Let (X, X, u, T) be a system. Let £(X) denote the set of ergodic
measures on X. There exists a probability measure p,, on £(X)
such that

= dv).
K £0X) vpu(dv)

Finite decomposition. =Y ; aju;, with >0 ;a; =1, a; >0,
where the system (X, X, u;, T) is ergodic for i =1,...,n.
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Ergodic Theory IV. — Ergodic Decomposition

Goal. Decompose an arbitrary system into ergodic components.

Why? Ergodic theorems have simple forms for ergodic systems.

Theorem (Ergodic Decomposition)

Let (X, X, u, T) be a system. Let £(X) denote the set of ergodic
measures on X. There exists a probability measure p,, on £(X)
such that

= dv).
K £0X) vpu(dv)

Finite decomposition. © = 7" ; a;u;, with >7 ; ; =1, a; >0,
where the system (X, X, u;, T) is ergodic for i =1,...,n.

== We can assume ergodicity of systems in certain types of
proofs (including the proof of Szemerédi's Theorem).

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Introduction Ideas of the Proof B s
Ergodic Theory WM & AP ernoulli Systems
Roth’s Theorem = Arithmetic Progressions Proof of Correspondence

Correspondence Principle

Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in

ergodic theory.
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!

Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!

Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.

o X = {0,1}7, which we equip with the product topology
(each {0,1} is a discrete space).
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!
Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.
e X = {0, l}Z, which we equip with the product topology
(each {0,1} is a discrete space).
e By Tychonoff’s Theorem X is compact.
[Main reason for choosing {0,1}” instead of Z.]
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!
Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.
e X = {0, l}Z, which we equip with the product topology
(each {0,1} is a discrete space).
e By Tychonoff’s Theorem X is compact.
[Main reason for choosing {0,1}” instead of Z.]

@ X is also metrizable.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!

Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.
e X = {0, l}Z, which we equip with the product topology
(each {0,1} is a discrete space).
e By Tychonoff’s Theorem X is compact.
[Main reason for choosing {0,1}” instead of Z.]

@ X is also metrizable.

—> We have a topological dynamical system.
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Correspondence Principle |. — Bernoulli Systems

Goal. Transforming Szemerédi's Theorem into a problem in
ergodic theory. = We define an equivalent problem for systems!

Bernoulli systems. X = P(Z) (the power set of Z), and
T: X — Xis definedas T(B)=B+1={b+1|be BCZ}.
e X = {0, l}Z, which we equip with the product topology
(each {0,1} is a discrete space).

e By Tychonoff’s Theorem X is compact.
[Main reason for choosing {0,1}” instead of Z.]

@ X is also metrizable.

—> We have a topological dynamical system.

Idea. Working in an appropriate subspace of X, we shall turn it
into a measure space via a T-invariant measure u. ~» Goal.
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Correspondence Principle Il. — Arithmetic Progressions

3 arithmetic progressions — 3 arithmetic progressions
in A C Z with §(A) > 0. in E C X with u(E) > 0.
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Correspondence Principle Il. — Arithmetic Progressions

3 arithmetic progressions — 3 arithmetic progressions
in A C Z with §(A) > 0. in E C X with u(E) > 0.

k-term arithmetic progression: x, T"x, T2"x, ..., Tk=Dnx ¢ E.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Multiple Recurrence
Proof of Correspondence

Correspondence Principle Il. — Arithmetic Progressions
3 arithmetic progressions - d arithmetic progressions
in A C Z with §(A) > 0. in E C X with u(E) > 0.
k-term arithmetic progression: x, T"x, T2"x, ..., Tk=Dnx ¢ E.

Question. Given a system, E € X with u(E) > 0, and k € N,
can we show ENT"EN---N TK=Dn £ ( always for some n > 0?

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Correspondence Principle Il. — Arithmetic Progressions
3 arithmetic progressions - d arithmetic progressions
in A C Z with 6(A) > 0. in E C X with u(E) > 0.
k-term arithmetic progression: x, T"x, T2"x, ..., Tk=Dnx ¢ E.

Question. Given a system, E € X with u(E) > 0, and k € N,
can we show ENT"EN---N TK=Dn £ ( always for some n > 0?

We shall prove more: (ENT"EN---N TK=Y") > 0. — This
would give an affirmative answer for the above question.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Correspondence Principle Il. — Arithmetic Progressions

3 arithmetic progressions — d arithmetic progressions
in A C Z with §(A) > 0. in E C X with u(E) > 0.
k-term arithmetic progression: x, T"x, T2"x, ..., Tk=Dnx ¢ E.

Question. Given a system, E € X with u(E) > 0, and k € N,
can we show ENT"EN---N TK=Dn £ ( always for some n > 0?

We shall prove more: (ENT"EN---N TK=Y") > 0. — This
would give an affirmative answer for the above question.

Note. For k = 2, the claim is a trivial also in this setting.
(Also compare with: Poincaré Recurrence Theorem.)

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Correspondence Principle

Correspondence Principle Ill. — Multiple Recurrence

Theorem (E. Szemerédi, 1975)
If AC Z, such that §(A) > 0 = A contains a k-term arithmetic
progression for each k € N,..

Correspondence ﬂ Principle

Multiple Recurrence Theorem (H. Furstenberg, 1977)
Let (X,X,u, T) be a system, and kK € Ny. Then for any E € X
with p(E) > 0 there exists some n € N such that

m (E NTEN---N T““””E) > 0.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Bernoulli Systems Multiple Recurrence
Arithmetic Progressions Proof of Correspondence

Fix A C Z with 5(A) > 0. Represent A « a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T «~ (B — B +1).
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).
Let X:={T"a|n€eZ}, and E={be X | by =1}.
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
née N;.
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
neN,. = 0#£ENTEN---nT*DE 5 T=m3 for some m € Z.
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
neN,. = 0#£ENTEN---nT*DE 5 T=m3 for some m € Z.

Then (T~Ma)g = (T ""Ma)g=--- = (T-k=Dn=ma)y =1,

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
neN,. = 0#£ENTEN---nT*DE 5 T=m3 for some m € Z.

Then (T*’"a)o = (Tﬁn*ma)o = ... = (Tf(kfl)"fma)o =1.
—_— Y
meA n+meA (k—1)n+meA O
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
neN,. = 0#£ENTEN---nT*DE 5 T=m3 for some m € Z.

Then (T*’"a)o = (Tﬁn*ma)o = ... = (Tf(kfl)"fma)o =1.
—— ~———
meA n+meA (k—1)n+meA O
1 N
Existence. upy := N1 n:z_:N(STna.
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Furstenberg =—> Szemerédi

Fix A C Z with 3(A) > 0. Represent A «~ a € {0,1}” in the
Bernoulli system ({0,1}%, T), where T e (B B+1).

Let X:={T"a|n€eZ}, and E={be X | by =1}.

If there was a p T-invariant measure on X, s. t. u(E) > 0, then by
Furstenberg we would get y(ENT"EN---N TK,=N"E) > 0 for some
neN,. = 0#£ENTEN---nT*DE 5 T=m3 for some m € Z.

Then (T*’"a)o = (Tﬁn*ma)o = ... = (Tf(kfl)"fma)o =1.
N—— N————
meA n+meA (k—1)n+meA O
1 N
Existence. uy := N1 n:z_:N(STna. Homework: The sequence

(1n)nen has some T-invariant weak limit p, for which p(E) > 0.
[Use the assumption J(A) > 0 & the Banach—Alaoglu Theorem ]
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Szemerédi Systems (SZ Systems)

Multiple Recurrence Theorem (alternative form)
(X, X,u, T)is a system, and k € Ny. VE € X with u(E) > 0,

1 N
iminf — n (k=1)n
ImlgoanE_ou(EﬂT En---NnT E)>O.
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Szemerédi Systems (SZ Systems)

Multiple Recurrence Theorem (alternative form)
(X, X,u, T)is a system, and k € Ny. VE € X with u(E) > 0,

1 N
iminf — n (k=1)n
ImlgoanE_ou(EﬂT En---NnT E)>O.

Definition. A system X = (X, X, u, T) is SZ of level k if

N—o0

N
lim inf % 3 /X f-Tf-T2f .. TRDnEdy > 0,
n=0

whenever f € L>(X), f >0, and E(f) > 0.
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Szemerédi Systems (SZ Systems)

Multiple Recurrence Theorem (alternative form)
(X, X,u, T)is a system, and k € Ny. VE € X with u(E) > 0,

1 N
iminf — n (k=1)n
ImlgoanE_ou(EﬂT En---NnT E)>O.

Definition. A system X = (X, X, u, T) is SZ of level k if

N—o0

N
lim inf % 3 /X f-Tf-T2f .. TRDnEdy > 0,
n=0

whenever f € L*(X), f >0, and E(f) > 0. A system X is SZ if it
is SZ of every level.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Szemerédi Systems (SZ Systems)

Multiple Recurrence Theorem (alternative form)
(X, X,u, T)is a system, and k € Ny. VE € X with u(E) > 0,

1 N
iminf — n (k=1)n
ImlgoanE_ou(EﬂT En---NnT E)>O.

Definition. A system X = (X, X, u, T) is SZ of level k if

N—o0

N
lim inf % 3 /X f-Tf-T2f .. TRDnEdy > 0,
n=0

whenever f € L*(X), f >0, and E(f) > 0. A system X is SZ if it
is SZ of every level. Ultimate Goal: Every system is SZ.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory



Introduction Ideas of the Proof
Ergodic Theory WM & AP
Correspondence Principle Roth’s Theorem

Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

5 5 5 i
"Chaotic" Periodic
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T is “chaotic”. If E € X is any event in the probability space
(X, X, 1), then E, TE, T?E, ... are all independent.
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Introduction Ideas of the Proof
WM & AP

Ergodic Theory |
Correspondence Principle Roth’s Theorem

Ideas of the Proof — Two Extreme Cases

T is “chaotic”. If E € X is any event in the probability space
(X, X, ), then E, TE, T?E, ... are all independent. =—>

p(ENTrEN-.n TEDnE) = [T} (THE) = w(E)* >0,
whenever p(E) > 0. v
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Ideas of the Proof — Two Extreme Cases

T is “chaotic”. If E € X is any event in the probability space
(X, X, ), then E, TE, T?E, ... are all independent. =—>

p(ENTrEN-.n TEDnE) = [T} (THE) = w(E)* >0,
whenever p(E) > 0. v

T is periodic. For every E € X there is an r € N (may depend
on E), such that T"E = E.
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Ideas of the Proof — Two Extreme Cases

T is “chaotic”. If E € X is any event in the probability space
(X, X, ), then E, TE, T?E, ... are all independent. =—>

p(ENTrEN-.n TEDnE) = [T} (THE) = w(E)* >0,
whenever p(E) > 0. v

T is periodic. For every E € X there is an r € N (may depend
on E), such that T"TE = E. =

i (Eﬂ T"EN---N T(kfl)”E) = u(E) > 0, whenever r | n. v
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Ideas of the Proof — Two Extreme Cases

T is “chaotic”. If E € X is any event in the probability space
(X, X, ), then E, TE, T?E, ... are all independent. =—>

p(ENTrEN-.n TEDnE) = [T} (THE) = w(E)* >0,
whenever p(E) > 0. v

T is periodic. For every E € X there is an r € N (may depend
on E), such that T"TE = E. =

i (Eﬂ T"EN---N T(kfl)”E) = u(E) > 0, whenever r | n. v

Problem. The above assumptions are very restrictive, and give
solution only for special cases. We need to weaken them!
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Ideas of the Proof — Two Extreme Cases

T is “chaotic”. If E € X is any event in the probability space
(X, X, ), then E, TE, T?E, ... are all independent. =—>

p(ENTrEN-.n TEDnE) = [T} (THE) = w(E)* >0,
whenever p(E) > 0. v

T is periodic. For every E € X there is an r € N (may depend
on E), such that T"TE = E. =

i (Eﬂ T"EN---N T(kfl)”E) = u(E) > 0, whenever r | n. v

Problem. The above assumptions are very restrictive, and give
solution only for special cases. We need to weaken them! ~~

Weak mixing and Almost Periodic/Compact systems.
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

5 5 5 i
"Chaotic" Periodic
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|deas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

{ :

"Chaotic" Periodic
A ~ J/ N\ ~ J/
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")

Krist6f Huszar Szemerédi’s Theorem via Ergodic Theory



WM Systems & Functions
Cp. Systems & AP Functions

WM & AP Components

Intuition. The events E, TE, T?E, ... are not independent, but £
and T"E become nearly uncorrelated in some sense as n — co.
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Erglgé::gqu}fé::’y] e ow:\'ﬁ En‘)\cg WM Systems & Functions WM & AP Components
Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing Systems

Intuition. The events E, TE, T?E, ... are not independent, but E
and T"E become nearly uncorrelated in some sense as n — 0.

Definition. v € V, (Vp)neny C V normed. D-lim,_,oc v, = v, if
for any € > 0 we have5<{n eN||va—v| > 5}) =0.

Krist6f Huszar Szemerédi’s Theorem via Ergodic Theory



Erglg(ij:::gqulfé:)orr; Bz owr\'ﬁ Er?\(g WM Systems & Functions WM & AP Components
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Weak Mixing Systems

Intuition. The events E, TE, T?E, ... are not independent, but E
and T"E become nearly uncorrelated in some sense as n — 0.

Definition. v € V, (Vp)neny C V normed. D-lim,_,oc v, = v, if
for any € > 0 we haveg({n eEN||vp—v| > 5}) =0.

Definition. (X, X, u, T) is weak mixing if for any A, B € X

O-im u(T"AN B) = u(A)u(B). | D-im(T77, g) = E(F)E(g).

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing Systems

Intuition. The events E, TE, T?E, ... are not independent, but E
and T"E become nearly uncorrelated in some sense as n — 0.

Definition. v € V, (Vp)neny C V normed. D-lim,_,oc v, = v, if
for any € > 0 we haveg({n eEN||vp—v| > 5}) =0.

Definition. (X, X, u, T) is weak mixing if for any A, B € X

O-im u(T"AN B) = u(A)u(B). | D-im(T77, g) = E(F)E(g).

Comparing weak mixing and ergodic systems:

Proposition. Weak mixing = ergodicity (but not vica versa).
Proposition. X w. m. <= X x X w. m. <= X x X ergodic.
Remark. X ergodic =% X x X ergodic [irrational rotation of S1].
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WM Systems & Functions
Cp. Systems & AP Functions

WM & AP Components

Definition. In a system (X, X, u, T) a function f € L2(X) is
called weak mixing if D-lim,_,oo(T"f,f) = 0.

m]
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Figly e fiteEs o tkﬁ ko WM Systems & Functions WM & AP Components

Ergodic Theory Wi AP y
Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing Functions

Definition. In a system (X, X, u, T) a function f € L%(X) is
called weak mixing if D-lim,_,o(T"f,f) = 0.

Intuition. f is w. m. if the “shifts” T"f eventually become
orthogonal to f (for which T displays “mixing” behavior).
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing Functions

Definition. In a system (X, X, u, T) a function f € L%(X) is
called weak mixing if D-lim,_,o(T"f,f) = 0.

Intuition. f is w. m. if the “shifts” T"f eventually become
orthogonal to f (for which T displays “mixing” behavior).

Characterization of w. m. systems by w. m. functions:
A system (X, X, i, T) is weak mixing <= every f € L2(X) with
E(f) = 0 is weak mixing.
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing Functions

Definition. In a system (X, X, u, T) a function f € L%(X) is
called weak mixing if D-lim,_,o(T"f,f) = 0.

Intuition. f is w. m. if the “shifts” T"f eventually become
orthogonal to f (for which T displays “mixing” behavior).

Characterization of w. m. systems by w. m. functions:
A system (X, X, i, T) is weak mixing <= every f € L2(X) with
E(f) = 0 is weak mixing.

Theorem. Every weak mixing system is SZ.

Krist6f Huszar Szemerédi's Theorem via Ergodic Theory



Erglgéirg#'ﬁélﬁ'; fleas OWR/? Erc[)&f WM Systems & Functions WM & AP Components
Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

(. v g v

Vo Vo
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

(. v g v

Vo Vo
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")
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Correspondence Principle Roth’s Theorem  Cp. Systems & AP Functions

Compact Systems & Almost Periodic Functions

Definition. A function f € L?(X) is almost periodic if for every
€>0, theset S, ={ne€Z|||f — T"f|j2 < £} has bounded gaps,
which means 3N > 0: S. N [m, m+ N] # () for all m € Z.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Correspondence Principle Roth’s Theorem  Cp. Systems & AP Functions

Compact Systems & Almost Periodic Functions

Definition. A function f € L?(X) is almost periodic if for every
€>0, theset S, ={ne€Z|||f — T"f|j2 < £} has bounded gaps,
which means 3N > 0: S. N [m, m+ N] # () for all m € Z.

Definition. A system (X, X, u, T) is called compact if every
f € L?(X) is almost periodic.
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Compact Systems & Almost Periodic Functions

Definition. A function f € L?(X) is almost periodic if for every
€>0, theset S, ={ne€Z|||f — T"f|j2 < £} has bounded gaps,
which means 3N > 0: S. N [m, m+ N] # () for all m € Z.

Definition. A system (X, X, u, T) is called compact if every
f € L?(X) is almost periodic.

Theorem. Every compact system is SZ.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

(. v g v

Vo Vo
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

(. v g v

Vo Vo
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")
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Ideas of the Proof — Types of Systems

Measure Preserving Systems
(according to the behavior of T)

(. J “ v

Vo Vo
Weak Mixing Almost Periodic / Compact
("Pseudorandomness") ("Structure")
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing & Almost Periodic Components

Notation. WM(X) := {f € L?(X) | f is weak mixing}
AP(X) := {f € L?(X) | f is almost periodic}
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing & Almost Periodic Components

Notation. WM(X) := {f € L?(X) | f is weak mixing}
AP(X) := {f € L?(X) | f is almost periodic}

Key Proposition. For any system, | L2(X) = WM(X) & AP(X)

as an orthogonal direct sum of Hilbert spaces.
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Correspondence Principle Roth’s Theorem Cp. Systems & AP Functions

Weak Mixing & Almost Periodic Components

Notation. WM(X) := {f € L?(X) | f is weak mixing}
AP(X) := {f € L?(X) | f is almost periodic}

Key Proposition. For any system, | L2(X) = WM(X) & AP(X)

as an orthogonal direct sum of Hilbert spaces.

Proof ingredients.
o AP(X) C L?(X) is a closed T-invariant subspace.
o f € WM(X) <= (f,g) =0 for all g € AP(X).
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Weak Mixing & Almost Periodic Components

Notation. WM(X) := {f € L?(X) | f is weak mixing}
AP(X) :={f € L2(X) | f is almost periodic}

Key Proposition. For any system, | L2(X) = WM(X) & AP(X)

as an orthogonal direct sum of Hilbert spaces.

Proof ingredients.
o AP(X) C L?(X) is a closed T-invariant subspace.
o f € WM(X) <= (f,g) =0 for all g € AP(X).

Message. Unless a system is completely “pseudorandom”
(e~ WM), it must contain some “structured” («~ AP) piece.
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Weak Mixing & Almost Periodic Components

Notation. WM(X) := {f € L?(X) | f is weak mixing}
AP(X) :={f € L2(X) | f is almost periodic}

Key Proposition. For any system, | L2(X) = WM(X) & AP(X)

as an orthogonal direct sum of Hilbert spaces.

Proof ingredients.
o AP(X) C L?(X) is a closed T-invariant subspace.
o f € WM(X) <= (f,g) =0 for all g € AP(X).

Message. Unless a system is completely “pseudorandom”
(e~ WM), it must contain some “structured” («~ AP) piece.

Now we are ready to prove Roth’s Theorem.
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Ergodic Theory WM & AP  Statement Proof
Correspondence Principle Roth’s Theorem  Ingredients

Roth’'s Theorem — Statement of the Theorem

Theorem (Roth). Every subset A of Z with §(A) > 0 contains a
3-term arithmetic progression.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory



Introduction Ideas of the Proof
Ergodic Theory WM & AP  Statement Proof
Correspondence Principle Roth’s Theorem  Ingredients

Roth’'s Theorem — Statement of the Theorem

Theorem (Roth). Every subset A of Z with §(A) > 0 contains a
3-term arithmetic progression. <=

Theorem (Roth). Every system is SZ of level 3. In other words,
let (X, X, u, T) be a system. Then for every f € L>(X) with
f >0 and E(f) > 0, we have

P ]'Nil n 2n
|;VrllgofN§/Xf-Tf.T fdu > 0.
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Introduction Ideas of the Proof
Ergodic Theory WM & AP  Statement Proof
Correspondence Principle Roth’s Theorem  Ingredients

Roth’'s Theorem — Statement of the Theorem

Theorem (Roth). Every subset A of Z with §(A) > 0 contains a
3-term arithmetic progression. <=

Theorem (Roth). Every system is SZ of level 3. In other words,
let (X, X, u, T) be a system. Then for every f € L>(X) with
f >0 and E(f) > 0, we have

P ]'Nil n 2n
|;VrllgofN§/Xf-Tf.T fdu > 0.

Intuition. We get rid of the weak mixing part of the system, and
project it onto its almost periodic piece, which is known to be SZ,
as it is a compact system.

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory



Introduction Ideas of the Proof
WM

Ergodic Theory & AP Statement Proof
Correspondence Principle Roth’s Theorem Ingredients

Roth’s Theorem — Key Ingredients

Proposition (#). L?(X) = WM(X) @ AP(X) as an orthogonal
direct sum of Hilbert spaces. Therefore each f € L?(X) can be
written as f = fup + fap € WM(X) & AP(X).

Proposition (&). Let (X, X, u, T) be an ergodic system. Then
for any f, g € L*°(X), we have

1 N—-1
fim > (T"F T2"g — T fapT?"gap) =0 in L2

N—oo

[The proof relies on von Neumann’s mean Ergodic Theorem.]

Theorem (M). Every compact system is SZ.
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Let f € L°°(X) with f > 0 and E(f) > 0.

A0 «F>» «=» « >

W
ul
N
bl
Q



Let f € L°°(X) with f > 0 and E(f) > 0.

Via ergodic decomposition we may assume ergodicity of X.

A0 «F>» «=» « > = QR



Statement Proof
Ingredients

Let f € L*°(X) with f > 0 and E(f) > 0.
Via ergodic decomposition we may assume ergodicity of X.

P 1N_1 n 2n
|m&fﬁnzzo/xf-rf.r Fdu

[m] = = =

it
[
N)
o
0



Introduction Ideas of the Proof
Ergodic Theory M & AP  Statement Proof
Correspondence Principle Roth’s Theorem Ingredients

Roth’'s Theorem — Proof

Let f € L*°(X) with f > 0 and E(f) > 0.
Via ergodic decomposition we may assume ergodicity of X.

I|m|nf— /f T"f - T2”fd,u—

N—o0

—I|m|nf—2/f T"fap - T* " fapdp

N—oo
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Introduction Ideas of the Proof
Ergodic Theory M & AP  Statement Proof
Correspondence Principle Roth'’s Theorem Ingredients

Roth’'s Theorem — Proof

Let f € L*°(X) with f > 0 and E(f) > 0.
Via ergodic decomposition we may assume ergodicity of X.

I|m|nf—2/f T"f T2”fd,u—

N—o0

—I|m|nf— /f Tfap - T2 fapdy 2

N—oo

_I|m|nf—2/ (Fona + Fap) - T"Fap - T2 Fap dpt

N—o0
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Introduction Ideas of the Proof
Ergodic Theory M & AP  Statement Proof
Correspondence Principle Roth'’s Theorem Ingredients

Roth’'s Theorem — Proof

Let £ € L>°(X) with f > 0 and E(f) > 0.

Via ergodic decomposition we may assume ergodicity of X.

I|m|nf— /f T"f - T2”fd,u—
N—oo

—I|m|nf— /f Tfap - T2 fapdy 2
N—o0

_I|m|nf—2/ fwm + fap) - T fap - TzanPdM—

N—o0

—I|m|nf— /pr TfAP T prd,u>O

N—o0
as E(fap) = IE(]E(f|XAp)) = E(f) > 0 (see Appendix).
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What About the Set of Primes?

Let P := {nonnegative primes} C Z, and 7w(x) := P N[0, x].
Claim (elementary). limy o 7(x)/x = 0. = §(P) = 0.
Prime Number Theorem. 7(x)/x ~ log(x)™! (as x — 00).

Question. Longest arithmetic progression containing only primes?

Theorem (B. Green and T. Tao, 2004)

For any k € N, there exists a k-term arithmetic progression in P.

Szemerédi's Theorem is a key ingredient of the proof.

Example (B. Perichon, J. Wréblewski, and G. Reynolds, 2010)

43,142 746,595,714,191 + 23,681, 770 - 223,092,870 - n, for
n =0 to 25. = 26-term arithmetic progression of primes.
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Ergodic Decomposition: An Example

Goal. Decompose an arbitrary system into ergodic components.

Why? Ergodic theorems have simple forms for ergodic systems.

Example (a special finite case, but works in general)

X =1{1,2,3,4,5,6}, X =2X u: uniform, T = (23)(456) € Sx.
— T(1)=1,T(2)=3,T(3)=2,T(4) =5,T(5)=6,T(6) =4.
NOT ergodic: E = {1} is T-invariant, but u(E) =1/6 ¢ {0,1}.
BUT consider: i3 = 11y, p2 = (/2) - L1233, 3 = (1/3) - Lya56)-
Note: (X, X, u;, T) IS ergodic for i = 1,2,3. Moreover, we have

weighted average of
ergodic measures.

S NI
p= it gue + Sps
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Lemma. Let (X, X, p, T) be a system, and E € X with u(E) > 0.
= 3F e X, u(F) >0, s.t.VxeF:S({neZ| T”er}) > 0.

A0 «F>» «=» « > = QR



Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba

Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba

Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba

Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma. By Szemerédi, {n€ Z | T"x € E}
contains some a € AP for each x € F.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba

Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma. By Szemerédi, {n€ Z | T"x € E}
contains some a € APy foreachx e F. — F C B, = UaeAPk B, a
countable union.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.
o Byi={xeX|ToxeE, 1<i<k}; By i=Upeup, Ba

Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma. By Szemerédi, {n€ Z | T"x € E}
contains some a € APy foreachx e F. — F C B, = UaeAPk B, a
countable union. = Since p(F) >0, 3b € AP : u(Bp) > 0.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.

@ By:={xeX|ToxecE, 1<i<k}; Bx:=Uzeup, Ba
Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma. By Szemerédi, {n€ Z | T"x € E}
contains some a € APy foreachx e F. — F C B, = UaeAPk B, a
countable union. = Since p(F) >0, 3b € AP : u(Bp) > 0.

= TB,CENT'EN---NT*DE for some c € Z and n € N.
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Szemerédi = Furstenberg

Lemma. Let (X, X, u, T) be a system, and E € X with u(E) > 0.
— IF e X, p(F)>0,s. t VxeF:3({ncZ| T"x ¢ E}) >0.

Fix a system (X, X,u, T), E € X with u(E) >0, and k € N,

o APy :={a=(a1,...,ak) CZ| ais arithmetic progression}.

@ By:={xeX|ToxecE, 1<i<k}; Bx:=Uzeup, Ba
Note: By = {x € X|{neZ| T"x € E} contains some a € APk}.

Choose F € X as in the Lemma. By Szemerédi, {n€ Z | T"x € E}
contains some a € APy foreachx e F. — F C B, = UaeAPk B, a
countable union. = Since p(F) >0, 3b € AP: pu(Bp) > 0.

= TB,CENT'EN---NT*DE for some c € Z and n € N.
— wWENT"EN---NnT&DE) > 1,(TBy) = pu(Bp) > 0. a
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Compact Factors

Definition. ) is T-invariant, if TE, T"'E € ) for any E € ).
Definition. If X = (X, X, u, T) is a system, X' = (X, X", u, T) is
called a factor of X if X’ is a T-invariant sub-o-algebra of X.

A factor X' is trivial, if u(E) € {0,1} for all E € X”.

It is compact, if X’ is a compact measure preserving system.

Let X be a system. Exactly one of the followings is true:

O X is weak mixing (“pseudorandomness”);

@ X has a nontrivial compact factor (“structure”).
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Kronecker Factors

Notation. If X = (X, X, u, T), Xap := {A€ X | 1a € AP(X)}.

Claim. X,p is a T-invariant sub-o-algebra of X'. Therefore
(X, Xap,p, T) is a factor of X, called Kronecker factor.

Remark. The Kronecker is the maximal compact factor of X.

Proposition. Let (X, X, u, T) be a system, and f € L?(X, X, ).
O 1 € AP(X) iff f is Xap-measurable: AP(X) = L?(X, Xap, 11).
Q fe WM(X) iff E(f|XAP) =0a.e.

© (M) We can write f = fap + fiym, where
fap := E(f|XAp) S AP(X), and fyypm = — fap € WM(X)

Krist6f Huszar Szemerédi’'s Theorem via Ergodic Theory
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